CHUONG 1. HAM SO VA GIOI HAN CUA HAM SO

1.1. Khai niém ham s

Trong linh vuc khoa hoc ching ta thuong gip cac dai luong do duoc bang sb.
Khi nghién ctru quy luat thay doi gia tri ctia cac dai luong d6, nguoi ta thudng dung
chit dé ky hiéu sd do cua chung. Chang han, trong vét 1y ching ta dung chit U dé ky
hiéu dién thé cua dong dién, R dé ky hiéu dién trd, ... Nguoi ta phan tich quy luat thay
d6i gi tri cla cac dai luong do duoc bang sb co quan hé véi nhau nhu: su thay dbi gia
tri cta dai luong nay kéo theo su thay dbi gia tri cua dai luong kia theo mot quy luat
nhat dinh. Chang han, hiéu dién thé thay d6i thi cuong d6 dong dién thay ddi theo. Su
phu thudc cua dai lugng nay vao cac dai luong khac thuong duoc biéu dién dudi dang
ham sb.

Ta xét cac vi du sau:

1. Dién tich S cua hinh tron phuy thudc vao ban kinh r cua no6 theo cong thic
S = ar?. Mdi s6 duong r s& cho mot gia tri duy nhit S, tandi S1a ham cua r.

2. Nhiét lugng tdéa ra trén day dan phu thudc vao dién trd cia day, cuong do
dong dién va thoi gian dan dién theo cong thic Q = Rl %t . Ctr mdi bd ba s6 R, I, t sé
cho mot gia tri duy nhat Q, tan6i Q 1a ham cua R, I, t
Dinh nghia. Cho X.Y (# ¢) 13 hai tap hop s6. Mot ham sé f tir X dén Y 1a mot quy tic
dat twong tmg mdi gia tri x e X voi mot va chi mot gidtri yeV.

Ky hiéu: f: X ->Y,x— f(x) hoac y= f(x)

Tap hop X dwoc goi 1a mién xdc dinh ( MXP) ctia ham s6 f . S6 y tuong ng
v6i s6 x theo quy tic f dwuoc goi 13 gid tri ciia ham sé f tai diém x, ky hidula f(x).
Tap hop cac gia tri cua f(x),Vvxe X goi la mién gia tri ciia ham s0, ky hiéu f(X). Noi
chung f(X)cY. xe X goi 12 bién sb doc 1ap (‘hay ddi sd ), yeY goi la bién sd phu
thugc (hay ham 0 ). , o

Néu X cR,Y <R thi f dugc goi la ham s6 mot bién so thuc.

Néu X =C,Y <C thi f duoc goi la ham s mét bién s phic.

Néu X cR",Y =R thi f duoc goi 13 ham sb nhiéu bién sd thuc.
trong d6 mot phan tir x € R" 1a mot bg s6 thue (x,, X, ..., X, )

X;, Xy . X, 12 cc bién doc lap.
Trong truong hop n =2, nguoi ta thuong dung ky hi¢u z = f(x,y).

Mot ham s6 y = f(x) c6 thé cho bang cac phuong phap khac nhau, tly theo f
chi cach tuong g gitra xe X va yeY.

Néu f chi cac quy tac nhat dinh dé g véi mdi X ta co mot gid tri f(x) thi f
goi la dugc cho bang mot cong thirc hay mot biéu thire giai tich. Khi do mién xac dinh
cua ham so 1a tap hop céac gia tri cua bién s0 lam cho bi€u thirc giai tich d6 c6 nghia

Vidu 1.1.

1. y=x> cOMXD X =R

2. y=In(1-x*) co MXD X =(11)

3. J1-x*—y? ¢6 MXD Ia hinh tron tdm O ban kinh bang 1.



Mot ham sb ¢o thé duge cho dudi dang mién xac dinh gém cac tp con roi nhau
va trén moi tap con d6 quy tac xac dinh gid tri twrong Ung cua ham so6 tai moi di€m
dugc bi€u dién bang mdt biéu thic riéng.

0 khi t<0

Vidul2. H(t)= _

1 khi x>0

( Ham nay duoc goi la ham Heaviside, dat theo tén cua mdt ky su dién Oliver
Heaviside,dugc stir dung trong viéc nghién ctru cac mach dién,cho sy bién d61mot cach
dot ngdt cia dong dién hoac dién &p ngay khi mot cong tac dugc bat 1é€n )

H L

1t

0

Ngoai phuong phap cho bang mot cong thirc thuong dung trong giai tich, mot
ham s6 co thé cho bang nhiing phuong phap khac nhau,chédng han cho bang mot bang
tuong Ung gitta xe X , y €Y nhu céc bang s6 thuong dung.

Vé tuong quan ham sb, ngoai cach cho duéi dang “hién” y = f(x) ngudi ta con
cho ham s6 duéi dang sau:

a) Cho dudi dang an. ’ o

Ham an mot bién. Cho y 1a ham cua bién x dugc biéu dien dudi dang phuong
trinh: F(x,y)=0

Ham an n bién. Cho y 13 ham cia cac bién x,,X,,..., x, duoc biéu dién dudi
dang phuong trinh: F(x;,X,,...,X,,Y) =0

Vidu 1.3.

Cho ham an y = f(x) duoc xac dinh bai phuong trinh: y =e¥ +In(y? +1)

Cho ham an z = f(x,y) duoc xac dinh boi phuong trinh :

x> +2y* +32° +2x+4y—-62=0
b) Cho boi phuong trinh tham sé. Cho y 12 ham cua x, nhung ca y va x déu
biéu dién qua mot bién trung gian.
x=¢e'+1
=In(1+1t?)

c) Cho duéi dang toa do cuc.

Ngoai hé toa QC} Dé’ cac Vl{éng gbc, ng}rb'i ta con dung hﬁ toa do cuc.

Trong mat phang lay 1 diém O lam goc, nira duong thang di qua goc O va trén
d6 chon mot chiéu duong tir trai sang phai.

Xét diém M trong mit phang.

Ky hiéu: ‘OM ‘ =r,vagoc p(0<p<2r)la ty

Vidu 1.4. {

gbc 1ap béi OM va Ox. ¢ goi la goe cuc, r goi la M(r.g).M(x.y)

ban kinh cyc. Cap gia tri (r,¢) duoc goi la toa do
cuc cua diém M. Hé gé)m diém O va truc Ox goi la
hé toa do cuc.

Dé thay rang giira toa do cuc va toa do
Pbécac c6 mdi lién hé: x

Y




X=rC0Sp, I=X+Yy>

y=rsing, o= arctanl
X

M&bi lién hé gitta r va ¢ duogc goi la ham s6 cho trong toa do cuc.

Theo cong thirc lién hé trén, tir phuong trinh toa do cuc c6 thé dua vé& phuong
trinh F(x,y) =0 cta nd va nguoc lai.
Vi du 1.5. Xét ham sb: r=2R cose(R>0)

Thay r=/x*+y?, cosqozizL , ta co:
ety

x*+y*—2Rx=0 . Vay trong hé toa d0 cuc r=2Rcose la phuong trinh cua
duong tron tam (R,0), ban kinh R.
1.2. Ham s6 mdt bién so thue.
1.2.1. Do thj cia ham so. . ) )

Xeét ham s6 y = f(x) xac dinh trén X . Ta goi do thi cia ham s6 f la tap hop tat
ca cac diém M (x,y) cta mit phéng toa dd c6 hoanh d§ xe X ,tung dd y = f(x).

Vidu 1.6. ‘ 7

a) y =ax+b: do thi la mét duong thang.

b) y=ax?+bx+x,a=0:dd thi 1a mot parabol

c) y= %  dd thi 1a mot hypebol

‘ Chu y. Mot ham sé ciing c6 thé dugc cho bang db thi cua nd. Khi d6 mdi diém
cua do thi s€ cho cach tuong ing gitra xe X va yeY.

Nguoi ta sir dung d6 thi dé ‘minh hoa béqg hinh anh cac déc trung co ban cua sy
phu thudc ham s6 giira cac bién s6. Nhin vao d6 thi ta dé dang quan sat xu hudng bién
thién cua ham so6 khi bién doc 1ap thay doi gia tri.

1.2.2. Ham s0 ngugc ‘ ‘ ’ N
Xét ham s6 y = f(x) voi mién xac dinh X va mién gia tri Y . Néu véi moi gia
tri yeY chi tdn tai duy nhat mot gia tri xe X sao cho f(x)=y, tic la phuong trinh
f(x)=y c6 mot nghiém duy nhat x trong mién X nén c6 thé dit twong tmg mot phan
tr yeY voi mot phan tir x e X. Phép dit twong ung d6 xac dinh mot ham sd tir Y
sang X , ham sd nay duoc goi 1a ham s6 ngwoc cia ham f va dwoc ky hiéu 1a
f*:Y > X, nghia la:

f1:yr> x=f(y), trong dd y la bién doc 1ap va x 1a ham sb.

Ttr dinh nghia ham s6 nguoc, ta co: y = f(x) < x = f 1(y)

Trong toan hoc, ta thuong dung ky hiéu x dé chi bién doc 1ap va ky hiéu y dé
chi ham sb. Do vay thay cho cach viét ham nguoc dudi dang x = f'(y), ta viét

y="17(x)
Vidu 1.7.
a) y =2x+1 c6 ham sb nguoc la y=XT_1

b) y=x2 véi y>0, phuong trinh x2 =y c6 2 nghiém. Suy ra ham sb y = x>
khong c6 ham sb ngugc trén R.
C) y=a* ¢6 ham so nguocla y=Ilog, x.



d) y=x® c6 ham sb nguoc 1a y =¥/x

DPiém M (x,y) thudc d6 thi ham sé y = f *(x) khi va chi khi M (y, x)thudc dd
thi y= f(x). Trén mat phéng toa do hai diém M,M" dbi xtrng nhau qua duong phan
giac thir nhat. Tl d6 di dén két luan:

Do thi cua ham so nguoc y = f *(x) doi xtmg véi do thi cua ham so y = f(X)
qua duong phan giac thtr nhét.
Ham s6 ngwgc cua cac ham so lwgng giac:

1. Ham s y =sin x v6i mién x4c dinh X = {—%%} ¢6 ham nguoc 13 ham sb
y =arcsin x ¢6 mién xac dinh X =[-11]. y =arcsin x < x =sin y

2. Ham sb y=cosx véi mién xac dinh X =[0,7z] c6 ham nguoc 13 ham sb
y =arccosx c6 mién xac dinh X =[-11]. y =arccosx <> x =cosy

3. Ham sd y=tanx v4i mién xac dinh X = [—%%) c6 ham nguoc la ham )
y =arctan X c6 mién xac dinh X =R. y=arctan x < x =tan y

4. Ham s6 y=cotx v&i mién xac dinh X :(0, 7r) c6 ham nguoc 1a ham )
y =arccotx c6 mién xac dinh X =R. y=arccotx < x =coty

Quy udc: arctan(+oo) = % arctan(—o) = _%

arccot(+w) =0, arccot(—x«) =7
1.2.3. Ham s0 hop. ,

Cho ham s6 g: X —»Y vaham so0 f:Y -Z véi X <cR,Y<R,Z<R. Khi d6
ham s6 h: X — Z duoc dinh nghia boi: h(x) = f [9(¥)],xe X dugc goi la ham hop cia
ham sé f vahamsd g.

Ky hidu: h(x) = f[g(x)] hay h(x) = (fog)(x), x € X

Viduls8. f:x—x*+1; g:x>sinx

(fog)(x) = (sin x)* +1
1.2.4. Cac loai ham dac biét
a) Ham so don di¢u. ‘

Cho ham s6 y = f(x) trong mién X, f(x) goi la don diéu khong giam ( khdng
tang) trong X néu: VX, X, X, % <X, = f(x) < f(%,)(f(x)=>f(X,)).

Truong hop khong c6 dau =", f(x) goi la don diéu tang ( giam ) trong X .

Vidu 1.9.

a) Ham s6 y = x? don diéu giam trén khoang (- 0,0) va don diéu ting (0,40).

b) Ham s6 y =§ don diéu giam trén cac khoang (- 0,0) va (0,40)

b. Ham s6 chiin,lé. , )

Gia st X <R, X nhan goc O lam tam doi xung.

Ham f(x) dugc goi la chdnnéu: f(—x)= f(x),vxe X lalénéu f(-x)=—f(x).

R rang d6 thi cua ham s6 chin ddi xing qua truc oy, d6 thi ham s6 1é d6i xtng
qua gbc toa do.

Vidu 1.10. ’
a) y=sin X,y =x1la cac ham so 1&



b) y=cosx,y=x?1a cac ham s chin
c) Ham sb tu?m hoan ‘ o ‘ ,

Ham so0 f(x) goi la ham tuan hoan trén X , néu ton tai hang soO duong p sao
cho f(x+p)=f(x), ¥xe X.

Sb duong T bé nhét trong cac s6 p goi 1a chu ki cua ().

Vidu1l.11. ‘

a) Cac ham s0 y =sin x, y =cos x tuan hoan véi chu ki 27 .

b) Cac ham sb y =tan x, y =cot X tudn hoan véi chu ki 7

¢) Ham s6 y =sin ax tudn hoan v&i chu ki |2a—”|
1.2.5.Cac ham ) so' cap
a) Cac ham so so' cap co ban

1. Ham lfiy thra y =x*, a €R (a =const)

Mién x4c dinh cta ham s phu thudc vao «, chrfmg han a=neN hoac

azé, n 1é thi y xéc dinh x<R. Nhung a=%, n chin thi y chi xéc dinh ¥x>0.

RO rang Va € R,y xac dinh vx>0.

2. Himsé mu y=a*,a>0,a=1

Ham sO mu xéac dinh vxeR va lu6n duong. ’

Neéu a>1 thi ham s6 don di¢u tang. Néu a <1 thi ham s6 don di¢u giam.
3. Ham logarit y=1log, x,a>0,a=1

Ham logarit xac dinh vx >0,xeR.

Néu a>1 thi ham sé don diéu ting. Néu a <1 thi ham s6 don diéu giam.
4. Cac ham lugng giac.

Cac ham s0 y =sin X, y =cos x xac dinh VxeR.

Ham s y=tan x xac dinh Vx=kz, keZ

Ham s y=cotx xac dinh ink%, kez

5. Cac ham luong giac nguoc
Cac ham sb y =arcsin x, y =arccos x xac dinh Vx e[-11]
Cac ham sd y =arctan x, y =arccos x xac dinh VxeR.
b. Cac ham sb so cf}p q ) )
Cho 2 hamso f va g, goi tong cua f va g, viet f + g, hiéu viét f —g, tich

< A \ < A \ f \ , \ A . ~
viet fg va thuong viét la — la cac ham s6 dugc dinh nghia nhu sau:

(f +9)x) = f(x)+9g(x)
(f —g)(x) = f(x) - g(x)
(fg)(x) = f (x).9(x)

Flno O
(gj(x) a(x)

Pinh nghia. Ta goi ham sé so cdp 1a nhitng ham sb duoc tao thanh béi mot sd
hitu han cac phép toan s6 hoc ( cOng, trur, nhan, chia ), cac phép léy ham s hop doi
v6i cac ham s6 so cp co ban va cac hang.

Vidu 1.12. Cac ham hyperbole dugc ky hiéu va xac dinh nhu sau:



X —X

y=shx =" —2e‘ . y—chx=2"*°F
shx 1

=thx=—; =coth = —

y chx y thx

la cac ham sé so cép, goi la Sin-hyperbole; cosin- hyperbole; tg-hyperbole; cotg-
hyperbole.

Céac ham nay xac dinh vx e R, trir y = coth x khong x4c dinh khi x=0.

Céc ham hyperbole c6 cac tinh chat twong ty nhw ham luong giac.

ch®x—sh?®x =1 LZ =1-th?x; LZ = coth? x

chx sh”x

ch(x £ y) = chxchy + shxshy, ch2x = ch?x + sh®x

sh(x £ y) = shxchy + chxshy, sh2x = 2chxshx

Trong cac ham sd so cép, ta chii ¥ dén 2 loai ham s6: Ham da thitc va ham sb
hiru ti.

Ham da thic: P,(x)=a, +ax+a,x’+..+ax",a eR,i=1n, a, #0.

Ham htru ti: f(x)= % , trong d6 P(x),Q(x) la cac da thuec.
1.3. Gidi han va sy lién tuc cia ham ,sé mot bién s6 thue
1.3.1. Khai niém gié¢i han caa ham so. ‘ ’

Dinh nghia 1. Cho ham so y = f(x) xac dinh trong mién X . SO L ( hitu han )
g0i 14 gi6i han cua f(x) khi x dan t6i x, va viét 1a Lim f(x) =L néu v&i batki £>0

X—Xg

cho trudc tim duge &> 0 sao cho khi 0<|x— x| <& thi [f(x)-L|<e.
Vidu 1.13. Cho f(x)=x.Ching minh Lim f(x) =x,

X—Xg

That vay, cho truéc £>0 chi can chon & =¢ thi khi [x—x,|<&
thi

f(X) = Xo| =[x =%,| <5 =¢
Dinh nghia 2. S6 L goi la gidi han cua f(x), khi x dan toi X, néu voi moi diy
X,} =X, x, #x, ma x, >x, thi f(x,)>L
Dinh nghia nay goi 1a dinh nghia theo ngén ngtr “day”, con dinh nghia 1 goi la
dinh nghia theo ngdn nglt "¢, 5".
Chay. Néu Lim f(x)=L thi L 13 duy nhat.

Viduy 1.14. Ching minh Lirg sin 1 khong ton tai
X—> X
Theo dinh nghia, chi can chira 2 diy {a,}, {b,}, a, >0, b, >0 ma

.1 o1
Limsin — = Limsin —
n—om an n—w bn

Xetday: a, _ -0
2n+ 1)7z
2
1

=—— >0
2Nz

Khi d6: Limsin i = Lim(Zn + %jﬂ' =1

n—oo an Nn—o0

b

n



Limsin ) =Lim2nz =0 = Limsin bi

Vay Limsin — khong t6n tai.
X

x—0
Chiy. Pinh nghia trén khong doi hoi f(x) phai xac dinh tai x,. C6 truong hop
f (x) khéng xac dinh tai x, nhung van c6 gi6i han tai do.
2

Chang han xét : Lim X
x—0 |X|

bé v réng diém x=0 khong thudc mién xac dinh cua f(x) = Nhung véi x =0 thi

f (x) =[x . Do vay dung két qua cua vi du 1.13 suy ra Lim f (x) =0

1.3.2. Gi6¢i han mét phia. ’
Trong cac dinh nghia trén ta xét x — x, mot cach bat ki.

Néu X — X,, X<X,(X>X,) Ma f(x)— L thi L goi 1a gi¢i han bén trai ( phai )
cua f(x) tai X,
Ky h1eu Lim f(x)=L (L|m f(x)=L)

X—Xg~

RO rang Lim f (x) =L khi va chi khi Lim f(x) = Lim f(x)=L

X—Xg X—Xq~ X—%o"

1.3.3. Cac quy tic tinh giéi han. 7
Cho Lim f,(x)=L,, lef ,(x)=L,, L, L, httuhan, x, c6 thé hitu han hodc vo

cung.
Khi d6: i) LimCf,(x) =CL,

i) Lim(f,(x) + f,(x) = L, +L,
ii) Lim(f, (x) f,(x)) = L,L,
() _ L

iv) Lim
x—>% f (x) L,

Chuy. Néu ham sb so cap f(x) xéac dinh tai diém x, thi Lim f(x)= f(x,)

1.3.4. Khir dang vo6 dinh
Khi tinh gidi han, can luu y cac dang vo dinh. Bé tinh cdc gidi han do ta phai
bién doi vé dang cho phép ap dung cac quy tac tinh gidgi han néu trén.

Cac dang vo dinh: % ® 0.0, 0w, 1* va con gdp cac dang vo dinh khac:
OO

0 0
0", ©

Dé khtr dang v6 dinh ta s& dung bién ddi dai sé va dung cac gi6i han dic biét

sau:
. sin x . . 1
Lim>=—==1, Lim|/1+=| =Lim{l+x)x =e
x=>0 X X—>00 X x—0
0
1°. Dang —
ang 0

Vidu 1.15.



X3 _ _ 2
a) LimX =8 _ | jm X=X +2x+4)=Lim(x2+2x+4)=12
x—>2 X —2 X—2 X —2
V1+Xx-— 1 («/1+ -D(V1+x+1) . 1+x-1 . 1 1
b) Lim——— =Lim———— = Lim—— ==
X0 X X—>° X1+ X +1) o0 x(V1+x+1) 0 l4x+1 2
2
X X
2sin 2 sin =
C) Lm1 COSX _ Lim 2_LimE —2) 1
x—0 X x—0 X x—>0 2 i 2
2
d) Lim X _jmSnx 1 4
x—0 X x—0 X COS X
20 Dang =
0 0]
Vidul.16.
2+5 4
2 _ e
a) Lim w_um ;( Xg :é'
—» 5x% +2x+9 - 5+ 4
NG ¢
5. 1.1
3
b) Lim leJ”/;_Limx—XX:%:O
X° + X =X 1+i2_i
X X
3°. Dang o —
Vidul.l.7.
[,2 I
a) Lim(\/x2+x—x):Lim( X XXX +X+X):Lim X _1
X—>+00 X—>+00 \/m_'_x X—>400 X2 X+ X 2
b) Lim S O A Sl A S
-1\ x =1 X2 -1 x—1 X2 -1 x>l x+1 2
4°, Dang 1%
Vidu1.18.
2x+1 2x+1 XLZ.73(2X+1) . —3(2x+1)
a) Lim 271 —lim[1+—=2]  ciim[1+—=27 7 Z@T o2 g
oo X+2 X500 X+2 X500 X+2
i 1 i 1 cosx-1 LimL);_l) 1
b) Lm;(cosx)x*z:Llry(1+cosx—1)cosT4 2 ==t X =g 2

1.3.5. Vo cung bé va vo cung lon

a) Dinh nghia. o ’
Ham s0 «a(x) duogc goi la mdt vO cung bé, viét tat la VCB khi x — x, néu:

Lim f(x) =0.

X—Xo
Ham s6 £(x) dugc goi 1a mdt vé cung lon, viét tat 1a VCL khi x — X, néu:
Lim| f (x)| = +oo.

X=X



Di nhién & day X, c6 thé 1a hiru han hodc vo cung.

D& dang kiém tra ring néu @ (x) 1a mot VCB khi x — x, thi % la mot VCL
a(X

khi x — x,; nguoc lai néu A(x) 1a moét VCL khi x — X, thi % la mot VCB khi
X
X —> X, -

Hon nita, cac tinh chat vé téng, tich, thuong cac VCB ciing nhu téng, tich,
thuong cac VCL ciing duoc suy d1en truc tiép tur tinh chat tong, tich, thuong cac ham
80 ¢6 gioi han. Chung ta s€ xét toc dd hoi tu vé sb khong cua cac VCB trong mot qué
trinh x — x, va toc do tién ra vo cung cua cac VCL cling twong tu.

b) So sdnh cac VCB
Cho a(x), B(x) lacac VCB khi x — x,.

1. Néu Lim =~ a(x) =0,tandi a(x) cobac cao hon A(x) va viét 1a

% A(X)

a(X) =0(B(x)), X=X,
Khi d6 ta cling néi rang B(x) co bac thap hon a(x) khi x — Xx,.

2. Néu Lim =2 a(x) =k=0,tandi a(x) cing bac véi A(x) va viét la

X=X ﬂ(x)
a(x) =0(B(x)), X — X,

Pic biét néu Lim 2X)

% (X)

a(x) B(x)), x—X

=1 thi ta nd1 réng a(x) tuong duong vo1 S(x) va viét 1a

2

Vidu 1.19. khi x>0, sinxJx , 1—cosx[l X? In(1+x)0 x , e* =10 x,

Y1+x-10 %x
Pinh Ii. Néu a,(x), B,(X), a,(x), B,(x) la cac VCB khi x — x, VA& o, (X) | a,(X),

LX) B,(x) thi L|rr3 ﬂiEX; Ix'lrx];l ;zg;

Ap dung dinh 1i trén, ta c6 thé tim gi6i han ctia dang vo dinh %
Vidu 1.20. Tim céac gidi han

. Xsin 2Xx
a) Lim
x=0 1 —COS X

Taco: xsin2x [ 2x* (x —>0)

2
1-cos? x [J X? (x—>0)

H 2
Nen: Lim 232X im 2%y
x-0 1—C0oS X x—0 L
2
3x
b) Lim—-_—1
x>0 In(1+ Xx)

Taco: e -103x (x—>0) ; In(1+x)0 x (x—>0)



3x
Nén: Lim-— 1 im%:S
x—0 |n( +X) x>0 X
&) Lim In(1+ tan 3x)
x>0 5X+sin? x
Tacé: Lim In(L+tan 3x) _ Lim IN(1+tan 3x) tan 3x

x>0 3x x>0 tan3x  3X
In(1+tan3x) (1 3x (x —0)

HJ 2

. oosin® X . X . .
Mit khac Lim =Lim=—=0, trc 1a 5x+sin”x[J 5x (x —0)
X—> X X—> X

Vay: Lim Infd+1tan 3x) 1+ t{;szx) = Lim% _3
x=>0 5X+SIn ° X x>0 5X 5
1.3.6. Ham s0 lién tuc
a) Dinh nghia.
i) Ham s6 y=f(x) xac dinh trén X dugc goi 1a lién tuc tai x, e X néu

Lim f(x)=f(X,). Nhu vay dé ham lién tuc tai X, thi f(x) phai xac dinh tai x,,

=1, nén:

le f(x)= le f(x)=f(x,)- Thiéu di mot trong cac diéu kién d6 thi ham s6 f(x)

dugc goi 1a gzan doan tai X,

i1) Ham s6 y = f(x)duoc goi la lién tuc trén khoang (a,b) néu lién tuc tai
VX e (a, b).

ii1) Ham s6 y = f(x) duoc goi 1a lién tyc trén doan [a, b] néu lién tuc trén (a, b),
lién tuc phai tai x =a kngq f(x) = f(a)) va lién tuc trdi tai x="b kL_i)rgj f(x)=f(b)).

Chuy. Moi ham s0 so cap lién tuc trén mién xac dinh cta no.

Vi du 1.21.
a) Ham f(x)=In(x* —1) lién tuc trén khodng (-11).
Xtan x
. X —2 ¢ 0
b) Cho ham so f(x) =< In(1+x?)
2a-1 . x=0
Ham f(x) xac dinh v&éi moi xeR.
V6i x#0, £(X) = 2% 13 ham so cAp nén f(x) lién tuc Vx
In(1+ x°)
2
Vi x=0,dé f(x) lién tuc tai x=0 thi: 2a-1=Lim X __jmX _3
x—0 |n(:|__|_x ) x—0 X
=a=1

Vay v6i a=1 thi ham s6 f(x) lién tuc Vx e R.
b) Tinh chit ciia ham lién tuc trén mét khoang dong.

Dinh ly Weierstrass. Néu f(x) lién tuc trong doan [a,b] thi n6 dat gia tri 1on
nhat va gid tri nho nhat trong doan do.

Dinh ly vé gid tri trung gian ciia ham sé.
Gia st ham s6 f(x) lién tuc trong doan [a,b] va f(a) = f(b). Khi d6 v6i moi sd N
nam giita f(a) va f(b), thi ton tai it nhat mot diém c e (a,b) sao cho f(c)=N

10



a c Cs €3 b

H¢ qud. Gia st ham s& f(x) lién tuc trong doan [a,b] va f(a). f (b) <0. Khi d6
ton tai it nhit mot diém c e (a,b) sao cho f(c)=0.

Tinh chét nay thuong duoc dung dé giai gan ding phuong trinh f(x) khi biét
khoang chira nghiém.

Vi du 1.22. Ching minh rang phuong trinh x* —x—-1=0 c0 it nhit mot nghiém
nam trong khoang (1,2) .

Ham sb f (x) = x* —=x—1 lién tuc trén R, nén lién tuc trén doan [1,2].

Taco: f(1)=-1 f(2)=13= f(1).f(2)=-13<0.

Ttr hé qua trén ta suy ra phuong trinh x* —x—1=0 c6 it nhat mot nghiém nam
trong khoang (1,2) .
1.4. Ham s0 hai biép s0 thue
1.4.1. Po thi ham so

Cho ham 2 bién z = f(x,y) voi (x,y)e Dc R®. Tép tat ca cac diém (x,y,z)e R®
v6i 2= f(x,y) goila dd thi cua ham sb di cho. 6 thi ctia ham 2 bién thuong 1a mot
mit cong trong khong gian 3 chiéu Oxyz.

Viduy 1.23. ‘ 7

a) z=6-3x—2y, do thi la mot mat phang

b) z=+9-x%—y?, dd thi 1a nira trén cia mit cau x* +y? +2% =9

(0,0, 3)

/S

. v
e
5 OI p
K= (0,3,0)
R R
(3,0,0) / 1 v
/
x¥

11



x> y? 77 T
C) — +-— —— =0, do thi 1a mat nén bac 2
b

QD
(@]

1F|.::

1.4.2. Giéi han va su lién tuc ciia ham hai bién
Cho ham s6 z = f(x,y) xac dinh trén D < R?. Tandi f(xy) co gidi han L khi
M(x,y) dan téi M, (x,,y,) néu:
Ve >0,35 >0 sao cho d(My,M)<s = |f(M)-L<e
hay VM, (X,, Y, )M, =My, M, >M; = f(M,) > L
Ky hiéu:
Lim f(M)=L hay Lim f(x,y)=L

M—-M, (%, y)=(%0,Y0)

trong d6 d(M,, M) 1a khoang cach giita 2 diém M(x,y), My(X,. Y, )-
d(MO’ M):\/(X_Xo)2 +(y_ yo)2
Khai niém gidi han vo han cling dugc dinh nghia twong tu nhu ddi v&i ham mét

— +o0 khi (x,y)—(0,0)

bién s0. Chiang han ———;
X*+y

Céac dinh 1 vé gi61 han cua téng, tich, thuong ddi v&i ham mot bién sb cling
dang cho ham hai bién s0.
Vidy 1.24. Tim  Lim ——

(x,y)—(0,0) [X2+y2

Tacs: — L <1v(xy)=(00)

. X
Nen iyl <|y
X" +Yy

. X
Suy ra: (Xybmyo)ﬁ =0
Gia stir ham s6 z = f(x,y) xac dinh trén D<= R?, M,(X,,Y,)e D. Ham s6 f(x,y)
Ty =106,Y0)-
Ham s6 khong lién tuc tai M (x,, Y, ) thi goi 1a gian doan tai M, (x,,y, ).
Ham s6 z= f(x,y) goi 14 lién tuc trong mot mién néu no lién tuc tai moi diém

duoc goi 1a lién tuc tai M, (x,, y, ) néu: ( !_l(m
x,y)=(%o,

thudc mién do.
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Ham s0 hai bién s6 lién tuc ciing c6 nhimng tinh chat nhu ham s6 mot bién s6
lién tuc. Chéng han, néu ham s6 hai bién lién tuc trong mot mién doéng, bi chan thi no
dat gi4 tri 16n nhét, gia tri nho nhat trong mién Ay.

Bai tap.
Cau 1. Xét xem ham s ndo tudn hoan va tim chu ki cta no.
1) f(x) =10sin3x

2) g(x) =sin® x
3)h(x) =/tan x
A)k(x) =sin/x

Cau 2. Tim ham nguogc cua cac ham so sau
)y=2x+3

2)y=x"-1,x<0
3y=-x

X
4)y=|95 ) ,
Cau 3. X¢ét tinh chan, 1é cua cac ham so6 sau
1) f(x)=|n(x+\/1+7)
2) f(X) =sinx+cosx

3) 1(x) = Y(1-x)° +3(1+x)°

Céu 4. Tim cac gidi han sau:

1y Lim VXXX

X—>+00 lx+1
3 4
2y Lim Xt x s Y
x>t \2X+1
3) |_imz\/;—_2
x4 X°—5X+4
2
4) Lim 2x°-11x-21

o7 X2 —9x+14

smm(i_ 33}

o1 1-x 1-X

2_

6) Lim 1+ x+x° -1
x—0 X

7)Lim

5X
x>0 31+ X —31—X
8) Lim (x—x/x2 + x)

X—>+00

9) Lim (\3/x3 +x2-1- x)

X—>+00

10) Liml_cgsx
x=0  fan‘ x

13



11) Lim (0 X)
x>0 fan® x

14) &Lrp (l+ x? )sz "
1

15) Lim(lHan x}sinx

-0 { 1+sinx
X+1
16) Lim(zx+3]
x>+ 2X+1
17) Lirp X cot 5x
18) Lim Ve X ~1
Xx—0 X
Cau 5. Xac dinh a dé cac ham sd sau 1 lién tuc trong mién x4c dinh cta chiing
1+—X'x;«r&—l
D) ={1+x"
a: x=-1
2) (%) cosx: x<0
X) =
a(x-1):x>0

CHUONG II. PHEP TiNH VI PHAN CUA HAM SO
2.1. Pao ham va vi phan ham mgt bién so thuc
2.1.1. Pinh nghia va tinh chét
a) DPinh nghia dao ham.

Cho ham s6 y = f(x) xac dinh trén X. x,,Xxe X .

Dit AX=X—X,, Ay = f(X)— f(X,)= (X, +AX)— f(X,), Ax, Aygoi la s6 gia d6i sb
va ham sb tai x,.

Néu Lim2Y = Ljm T Zo 80~ 1(%)
MAX—0 AX M0 AX

ham s6 y = f(X) tai Xp -

ton tai thi gigi han nay goi 12 dao ham cia

dy(x,) df (x,)

dx ' dx
Vidu2.1. f(x)=C, véi C 1a mot hang sb.
VX, taco: Ay = f(x+Ax)— f(x)=0

Ky higu: y'(x,), £'(x,),

Do do: y'= kirrcl)Ag:O
X—>! X

Vidu2.2. f(x)=-cosx

VX, ta cO: Ay = cos(X + AX) —c0s X = —25sin (x + %]sin %
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Do d6: y'=Lim = Lim—sin[x+%) 2 _ _sin x

Ax—0 AX Ax—0

Chai §.. Theo dinh nghia thi f'(x,) = Lim %

Néu Ax —> 0", Ax —» 0 thi cac gi6i han twong tng duoc goi 1a dao ham mét phia
( dao ham bén phai, dao ham bén trai) ctia ham s6 y=f(x) tai X -
Ky hiéu: f'(x,+0), f'(x, —0)

Ham sb y = f (x) c6 dao ham tai diém x, khi va chi khi tai diém d6 dao ham bén
phai va dao ham bén trai cing ton tai va bang nhau.

Vidu 2.3. Xét f(x)=|x, tai diém x, =0, ta co:

Af (x,) _[0+AX—[0] _[AX

AX B AX B AX

AX
Pao ham bén phai: f'(+0) = Liry % =1
Ax—0*

AX
Pao ham bén trai: f'(-0) = Lim —| =-1
Ax—0" AX

Vay tai diém x, =0 ham s6 f(x)=|x khong c6 dao ham.

b) Dinh nghia vi phén ’

Cho ham s0 y = f(x) xac dinh trong khoang X < R. Ham s0 f(x) duoc goi la
ham kha vi tai diém x, € X néu ton tai sd thuc A sao cho: Af (x,) = AAX+O(Ax), trong
dé O(Ax) 1la mot VCB bac cao hon bac cua Ax. Khi d6 tich AAx goi 1a vi phan cua
ham s6 f(x) tai diém x, va dugc ky hiéu:
df (x,) = AAx hay dy(x,) = AAX

Vidy 2.4. Xéthamso f(x)=x?. Tai diém x, batky, ta co:

AF (%) = (X, + AX)* — X2 = 2X,AX + AX? = 2X,AX + O(AX)

Theo dinh nghia, f(x) la ham kha vi tai diém x, va df (x,) = 2x,Ax
c) Lién h¢ vi phan va dao ham ‘

Gid sir ham s6 f(x) kha vi tai x,, tirc 1a ton tai A sao cho Af (x,) = AAX+O(Ax)
Chia 2 vé cho Axta duoc:

Af (%) A O(AXx) e Lim Af (X,) A+ Lim O(AXx)
AX AX =0 AX -0 AX
. . . .. O(Ax) T
Vi O(Ax) la VCB bac cao hon Ax nén IA_|rrg v =0dodo f'(x,)=A

Xét y= f(x)=x thi dy=1.Ax nhung y=x, do d6 Ax=dx
Vay ta c6 cong thirc tinh vi phan: dy = y'dx
Vidu 2.5. dsin x =cosxdx

a2+ )= o

Tir cong thire Af (x,) = f'(%,) Ax+0O(AX), ta co:
F (% +AX)= (%)~ /(%) Ax = f (X +Ax)~ f(x)+F'(%)Ax.
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Cong thirc xap xi nay cho phép ta tim gi4 tri gin dung ctia ham f tai X, +AX .
Vi du 2.6. Tinh gan ding 31,02
Xét ham sb f(x) = 3x ,chon x, =1, Ax=0,02 .
1
R/x°
1 2,98

Nén f(1,02)~ f(1)+0,02.f'(1) = 1,02 ~1--0,02= ==

y'. Mat khac ta ky hiéu dao ham la

Taco f'(x)=

Chuay. Ttr cong thire tinh vi phan ta cé % =

:—i , ky hiéu nay c6 nghia dao ham ctia ham sé bang thwong cta vi phin cia ham sb va
vi phan cua géi s6.
d) Tinh chat

i) f(x) khavitai x, & f(x) c6 dao ham tai x,

i) f(x) khavitai x, = f(x) cd lién tuc tai X,

i) f(x) kha vi tai x,, dat cuc tritai x, = f'(x,)=0

Tinh chat 3 chi 1a diéu kién can dé f(x) dat cuc tri tai x,, no khong 1a diéu kién
da vi ¢6 nhitng ham s6 dao ham béng khong tai x,, nhung khong dat cuc tri tai do.
Chang han, xét ham s6 f(x)=x3, f'(x)=3x2, f'(0)=0. Nhung f(x) khéng dat cuc
tri tai X = 0.
2.1.2. 'Y nghia hinh hoc ciia dao ham ‘

Cho ham s0 y = f(x) kha vi tai x, va C 1a d6 thi cta no.

Xeét M, (X,, F(X,))eC, M(X, +Ax, f (X, +Ax)) € C.

Goi ¢ 1a goc giita duong thang M M va truc OX.
MN (%, +A%) = F(%)
oo MN o+ mfl"________él/y
Xeét M dan téi M, nghiala Ax —0. : :
Khi d6 duong thang MM s& dan t&i
vi tri gi6i han 1a duong thang M M’ 1 tiép

tan @ =

tuyén véi C tai M,. Goi «la goc giira tiép tuyén d6

véi truc Ox thi tan g — tan . Do d6 ta co, M,
tana = f'(x,). Vay dao ham cua f(x) tai diém x, la Yo =4 —————~ N

hé s0 goc cua ti€p tuyén ctia do thi ham so tai

|
|
diém M, co hoanh do x =X, D %5 Y T AT X
2.1.3. Y nghia co hoc i
Xét mot diem M chuyén dong thang khong déu tinh tr mot diém O nao do, gia
st khoang cach OM phu thudc vao thoi gian t: OM = f(t). Nguoi ta goi tbc do cua
M tai thoi diém t 1; v = Lim- (- A0=FO)
At—0 At
Theo dinh nghia dao ham thi v= f'(t). Vay dao ham cta khodng cach oM tai
thoi diém t bang toc d6 cua chuyén dong tai thoi diém d6. Nguoi ta cling mé rong
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khai niém téc do xét mot ham sé f(x) bat ky va goi téc d6 cua f(x) tai x la:
v Lim f(x+ Ax)— f(x): £100.

Ax=0 AX
2.14. Quy tic tinh dao ham va vi phan
a) Quy tic tinh
Dinh ly. , q ,
Néu cac ham s6 u =u(x), v=v(x) kha vi tai diém x, thi cdc ham s6 u+v, uy,

u - . X
—(v=0) ciing kha vi tai x, va

v
1(uzv) =u'tv (utv) v
2. (ku) = ku’ d(ku):
3. (W) =uv+vu (uv) = vdu + udv
u ’ u'v-v'u u)_ vdu—udv udv
4. (Vj -— (v=0) (Vj = v =0)

Viduy 2.6. Tinh dao ham ctia ham s y =3x%In x—x°

y' =6xIn X+3x? £ 3x? = 6xIn x+3x — 3x2
X

b) Pao ham ciia ham hep ’

Dinh ly. Néu ham s6 u= f(x) kha vitai x va hamso y=g(u) kha vi tai u
Thi ham hop y = g(f(x)) kha vitai x va y, =y .u,

Vidu2.7. y=cos®x la ham hop cuia hai ham y =u® va u=cosx
Suy ra y' = (u®)(cos x) = 3u2(-sin x) = ~3cos? x.sin x

, L2 in2 . . P2
Vidu28. y=e""*=y" =¢e"" *.2sin x.cos x =sin 2x.e*" *
2.1.5. Bang dao ham ciia cac ham s so' cip co ban
g da p

1.(C) = 2.(x) =ax?

X ' X . X l X ' 1 . ' 1
3.(a%) =a*Ina; (") =e 4.(Iogax):m, (Inx):;
5. (sin x)' =C0S X 6. (cos x), =—sinx

! 1 ! 1
7.(t = 8. t -
(tanx) cos? X (cotx) sin? x
. ! 1 ! 1
9. (arcsinx) = 10. (arccos x) =—
( ) — ( ) —
11. (arctan x)' _ 1 12 (arccotx)’ __ 1
' 14X ' 1+ %P

Dung bang ndy va cic quy tac tinh dao ham ta c6 thé tinh dao ham hay vi phan
ctiia mot ham sd so cap bat ky.

Chay.

1. Néu yla ham sb an cua x xac dinh tir phuong trinh f(x,y)=0. Mudn tinh
dao ham cia y theo X, ta tinh dao ham hai vé theo x, sau d6 giai y' ra ddi véi x.
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Vi du 2.9. Tinh dao ham y’(x) ctia ham 4n dugc cho boi phuong trinh:
arctan(x + y) = x

Q+y)=1 =y =(x+y)

A , = x(t
2. Néu yla ham dugc cho boi phuong trinh tham so {); ~ ))(/((t))

Léy dao ham 2 vé theo bién x, ta duogc: —_—
1+(x+y)

thi dao ham cua

y theo x dugc tinh theo cong thirc: y'(x) = y—f
X

t

Vi du 2.10. Tinh dao ham y’(x) cua ham s6 y=y(x) duoc cho boi phuong
_ 2

trinh tham sé: 1%~ In(1+t)
y =2t —2arctant

, 2t 2 2t? 2t 1+t?
Taco: x =———: =2 = = V'(X)=——. =t
t 1+ yt y( ) 1+t2 2t

t?’ 1+t 1+t
3. Néu ham sé y = y(x) duoc cho bdi mot biéu thuc liy thira mu dang y =u"
trong d6 u=u(x),v=v(x) la cdc ham s6 d6i s6 x va u(x)>0. Do ca co sdb u va iy
thira v déu phu thudc x nén khi tinh dao ham cua biéu thirc loai nay ta khong thé ap
dung tryc tiép cac cong thic dao ham ciia ham s6 ma va ham lity thira. Dé tinh dao
ham ta sir dung phuong phap logarit hda nhu sau:
e Lay logaritctia y(cosde): hy=hu'=viu
. Léy dao ham hai vé, ta dugc : y7 =V'lnu +VU

Turdaysuyra y'=y(V'Inu+ VUU)

Vi du 2.11. Tinh dao ham ctia ham s6 y = <1+ X2)Sinx
Tacd: Iny=sinxIn (1+ x2) . Léy dao ham hai vé, ta duoc:

y7= cosxln(1+ x2)+sin X

!

1+ x?

=y = (1+ xz)smx{cosxln(1+ X%) + 2Xsin X}

1+ x?
2.1.6. Pao ham va vi phin cép cao
a) Dinh nghia. ‘

Cho ham s0 y = f(x) kha vi trong mién X c R, thi dao ham y'= f'(x) hay vi
phan dy = f'(x)dx cling la mdt ham s6 cua dbi sd x trong mién X . Gia s ham s nay
cing kha vi trong X, khi d6 dao ham hay vi phan cua n6 goi la dao ham hay vi phan
cap hai cua f(x).

2

Ky hicu: ', §¥ =2 (Y dty, 0719 ~a(a( (1)

Téng quat: Pao ham hay vi phan cp n caa f(x) tai x 13 dao ham hay vi phan
ctia dao ham hay vi phan cap n-1 cta f(x) tai x.

n

A n d d(d n n n-
Ky higu: y™, dx¥=&[dxn¥}d Y, d" () =d(d"*(f(x)

Vidu?2.12. y=Inx
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n 1
V==
1.2
y® = =
2.3
y@ = -
o (2] -2 0
X X"

Vidu2.13. y=sinx

Taco: y' :cosx:sin(x+%J

y" = cos x+ 2 =sin| x+ Z+Z | =sin| x+2.%
2 2 2 2

y® =sin| x+nZ
2

Tuong tu: y=cosx thi y™ = Cos(x + n%)

Vidu2.14, y= >

1+ X
1
(1+x)?
y' = 2
(1+x)°
2.3
® __
y (1+x)*

I
yo = (<1) 1.2.3.4;];.1n — () n! _
(1+x) (1+x)
2.1.7. Ung dung ciia dao ham
a) Khai trién ham s
Cong thirc Taylor va Maclaurin
Ta da biét, trong cac ham s thi da thirc 1a ham don gian nhat. Dic biét 1a trong
viéc tinh gia tri cua ham sb tai mot diém. Cong thirc Taylor duoc trinh bay dudi day
cho phép ta xap xi mot ham di cho boi mot da thirc mién 1a cac gia thiét cua cong thirc
dugc thoa man va tor d6 viéc tinh gia tri cia ham s6 d6 tai mot diém c6 thé tinh gén
dung boi gia tri tai diém do cua da thirc xap xi.
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Pinh Iy. Néu ham s6 y = f(x) c6 cac dao ham dén cap n lién tyc trong doan [a,b], cO

dao ham cap (n+1) trong khodng (a,b) thi véibatki x, e(a,b) ludn co:
f'(x f7(x
f(x)= f(xo)+%(x—xo)+%(x—xo)z+...+
f(n)(xo)(

n!
Cong thire ndy goi 12 céng thire Taylor va biéu dién mot ham sé f(x) dudi
dang trén duoc goi 1a khai trién T aylor cua ham s6 f(x) tai diém x = Xo -

+ X=%) +0(X=%,)"

Dac biét x, =0 thi cong thirc Taylor tr¢ thanh:

’ " (n)
f(x)="f(0)+ ' (O)x+ (0) x2+...+—f (0)
1! 2! n!
goi la cong thirc Maclaurin.
Cac khai trlen quan trong.
Ta s& khai trién mot sé6 ham sb so cap co ban quan trong theo cong thirc
Maclaurin, co rat nhiéu Gmg dung trong thyc té.
1°. Haimsb f(x)=e*

Taco: fV(x)=e*,dods f"(0)=1 n=12,.

x"+o(x”)

X X X"
Vay e* —1+1!+§+ +m+o( )

2°. Ham sb f(x) =sinx
Ta biét: f(”)(x):sin(x+n%j

0 n=2m, m=12..
Do do: " (0)= .
(-1) n=2m-1m=12...

3 5 2m-1
X

Vay: sinx = X tg (- 1)m1(2):n_1)!+...+0(x”)

Tuong tu, ta co:
2 4 X2m

cosX =1——+-—+...+(-1)"
21 41

3°. Hamsb f(x)=
1+x

Taco: 0 (x)=(-1) — "

Do d6: f(0)=1,f'(0)=-1 f"(0)=2!,.., f"(0)=(-1)"n!

1
Vay: —— =1-x+x*+..+ x"+o(x"
Y 1 ( )

b) Quy tic L’Haéspital ( khir dang vo dinh % )
o0

Pinh Iy . Gia str cac ham sb u(x) va v(x) théa man cac diéu kién:
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1. Gidi han Lim% c6 dang v6 dinh % hoac 2, ttre 14 ca hai ham s u(x) va
x—=>X V(X o0
v(x) cing c6 gi6i han bang khong hodc cung c6 gidi han vo han.

2. Ton tai giéi han Lim E ; ( htru han hoac vo6 han )
X—>Xg V X

Khi d6 Lim——= (X) EAGY
X—Xg V(X) X=X, \/ (X)

Viduy 2.15. Tinh gidi han

I_iml—cgsx _ Lim sm X l
x—0 X x—0 2X 2
Cha y:

1. Co thé ap dung qui tac L Hospital nhiéu 1an néu u’(x), v'(x) lai thoa man céc

diéu kién cua qui tic.
Vidu 2.1.6. Tinh céc gidi han.

X —-X

a) le—e X _Lim&Ere =2 im -
x>0  X—sin x x>0 1—C0S X x>0 sInX
:Lime +e 5
x>0 COS X
b)L|m2 -1 _ Lim 2’In2 _In2
x>0 Sin 3X x>0 3C0S3X 3

2. C6 thé ap dung qui tic L’Hospital dé khir dang vo dinh 0.00,00—00,17,0°,

bang cach dua vé dang % hoac Sy
o0

Vidu 2.16. LimxIhx ( Dang 0.0)

x—0"
1

= leln_x_ le—l_ Lim(-x) =0

x—0" 1 x—0" x—0"
X x?
1
Vidu2.17. Limx* (Dang «°)
1
Pit y=x*. Liy logarit hai vé:
In x

1
hy==Ihx=—
X X

Lim(In y)= Lim X (Dang =)
0¢]

X—>+0 X—>+0 X
1
=Lim%X=0
x—>+0 ]
Suyra Limy=e® =1

1

Vidu 2.18. Lim[z—arctan x}x ( Dang 0°)

X—>+00



1

bat y= Z _arctanx | :Inyzlln Z _arctan
2 X \ 2

In (ﬂ —arctan x]

LimIny = Lim EIn (z—arctan xj = Lim ( Dang z )
X—>+00 X—+0 X 2 X—>+00 X o0
-1
1+ x°
P X2 2X
~ —arctan x 5 2 \2
—Lim2 o lim—1+x® Limﬁ“_XL: Lim— 2X -0
X—>-+o0 X—>+0 JT X—>-+0 1 x—>+0 ] 4 X2
- ~— —arctan x — ;
X 2 1+x
Suyra Limy=e®’=1

X—>+00
c) Tim cac diem cuec tri ciia ham so
o Khai niém cuec tri.
Gid stt ham s6 y = f(x) x4&c dinh va lién tuc trong mién X c R.

Ta noi rang ham so dat gia tri cuc dai ( gid tri cuc tiéu ) tai diém X, € X ncu

f(x)< f(x,) (fF(X)>f(x,)),v6imoidiém x e X trong lan cin nao d6 ciia x, .

Piém X, ma tai do ham s6 f(x) nhan gia tri cuc dai ( gia tri cuc tiéu ) duoc goi

e Dicu kién can cua cuc tri.

la diem cuc dai ( diéem cuc tiéu ) cia nd. Piém cuc dai va diém cuc ti€u dugc goi
chung la diém cuc tri ctia ham so0.

Dinh ly . Néu ham s f(x) dat gid tri cuc dai hodc cuc tiéu tai diém X, va tai

diém d6 ham s6 c6 dao ham thi f'(x,) =0.

e Quy tic thir nhit tim cure tri.

Pinh Iy . Gia st ham s f(x) lién tuc trong mién X va kha vi tai 1an can diém

X, € X ¢0 thé trir tai x, va néu trong lan can do:

Khi x<x,, f'(x)>0 ( f'(x)<0)
X>X, F'(X)<0 (f'(x)>0)

thi f(x) dat cuc dai ( cuc tiéu ) tai x,.

Vi du 2.19. Tim cac diém cuc tri cia ham sb y = (X — 5)3\/7
5(x—2)

3 2(x—5)
Taco: y=3x*+ =
y 3k 3%x

y'=0 khi x=2
y' khong ton tai khi x=0
Xét dau ctia y' theo bang
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Ta thay: X =0 1a diém cuc dai cua vy, Vex = Y(0) =

x =2 1a diém cuc tiéu cua vy, Youin = Y(2) = —334.

Cha y. Qua vi du trén ta thdy f (x) c6 thé dat cuc tri tai nhitng diém f'(x) =0
hodc f'(x) khong ton tai, nhimg diém nhu vay goi la diém téi han cia ham sb. Piém
x ma f'(x)=0 goi la diém dimg cta f(x).

e Quy tic thir hai tim cye tri o 7

Dinh ly . Gia st f(x) c0 dao ham lién tuc dén cap n tai diém x, va

/(%)= £7(%) =..= £ (x,), "(x,)=0.

Khi do:

Néun chinva f™(x,)<0 (f ™ (x,)>0 ) thi f(x) dat cuc dai (cuc tiéu) tai x,.

Néunlé thi f(x) khong dat cuec tri tai X, .

Trong truong hop n=2 ta ¢6 qui tac sau:

Néu f'(x,)=0 va f"(x,)<0 thi x, la diém cuc dai cia ham s f(x).

Néu f'(x,)=0 va f"(x,)>0 thi x, 1a diém cyc tiéu ctia ham s6 f(x).

Vi du 2.20. Tim cac diém cuyc tri cuia ham sb y = InTx

1x In x
Lo, o 1-Inx
Tach y=2——="—
X X
y'=0khil-Inx=0< x=e

“Lye —2x(1-In x) ol X3

X
y =
x* x3

y"(e)= _e% <0 = Ham s dat cuc dai tai x=e va y,, = y(e) = %

d) Bai toan tim gia tri 16n nhat, gia tri nhé nhat

Cho ham sb y= f(x) lién tuc trong doan [a,b] theo dinh 1y Weierstrass thi
f(x) s& dat gia tri 16n nhat va gia trj nho nhat trong doan d6. GTLN,GTNN chi c6 thé
dat tai cac diém cuec tri cia f (x) hodc tai a hoac b. Nhu vay, dé tim GTLN, GTNN cua
ham sd f(x) trén [a,b], ta tim cac diém t6i han ctia f(x) roi tinh gia tri cua f(x) tai
cic diém d6 va tai a, b r0i so sanh ta s& c6 GTLN, GTNN.

Vi du 2.21. Tim GTLN, GTNN cta ham s6 y =+/x— —% trén doan [1, 10]
1 1

2Vx-1 4
y'=0 < x=5

Taco: y'=
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y() = ——, y(5) = —, y(10) =7

Vay maxy—3 ——l

xe[1,10] 4 xe[llO]y 4

Néu ham s6 f(x) lién tuc trong khoang (a,b) va chi c6 duy nhat mét diém cuc
tri X, (a,b). Khi d6 néu diém x, 1a diém cyc dai ( diém cuc tiéu ) thi f(x,)chinh la
GTLN ( GTNN ) ctia ham s6 f(x) trong khoang (a,b).

Vidu2.22. Himsb y = InTx c6 mot diém cuc tri duy nhét trong khoang (O,+oo)
1a diém cuuc dai x=e. Vay GTLN cua ham ) béng gia tri cua ham s6 tai diém x=e¢,

max y=y(e)==

max 'y = y(€)
2.2. Dao ham riéng va vi phan

2.2.1. Pao ham riéng

Cho ham s6 z = f(x,y) xéc dinh trong mién D < R?, M,(X,,Y,) € D . Néu cho
y=Y,, ham s6 mot bién sd z=f (X,Y,) c6 dao ham tai x =X, thi dao ham do6 dugc goi
la dao ham riéng cua f(x,y) doi véi x tai M, va dugc ky hi¢u: f/(x,,y,) hay
of 0z
&(Xo’ yo) hay &(Xo’ yo)

Dit A f = f(x, +AX,Y,)— f(X,,Y,). Biéu thirc d6 dwoc goi 1a s6 gia riéng phan

q . . of )
cia f(x,y) theo x tai M;(x,,Y,). Taco: &(XO'yO)_AHo v

Tuong tu nhu vay dinh nghia dao ham riéng cia f(x,y) ddi voi y tai M, ky

A 1x g of 0z
hiéu la fy(xo,yo) hay a(xo,yo) hay E(XO’yO)'

Céac dao ham riéng cua ham s n bién sd (n>3) dugc dinh nghia twong ty. Khi
tinh dao ham riéng cia mot ham s6 theo bién sd nao, chi viéc xem nhu ham sd chi phu
thudc bién sb éy, céc bién s6 khac dugc coi nhu hfing sb, 1oi ap dung cac qui tac tinh
dao ham ctia ham s mot bién sb.

Vi du 2.23. Tinh cic dao ham riéng ctia cac ham sd sau:

a) z=5x"y -y’ +7

z, =10xy; 1z} =5x* -2y

x

b) z=e ¥ +yn(l+xy)

C) z = xarctan = .
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¥
2

X
7' =arctan L+ x—X 2:arctanl—z—y2
X y X xX2+y
1+ =
X
1
X x*

Chay. g—]; la mot ky hiéu chir khong phai 1a mét thuong. of va ox dang riéng
1€ khong c6 y nghia gi.
2.2.2. Viphéan toan phan

Cho ham s z=f(xy) xac dinh trong mién D cR?. Léy cac diém
My(X,Yo) €D, M (X, +AX, Y, +Ay) € D. Af = f(x, +AX, Y, +Ay)— f(X,,y,) duoc goi

| 56 gia toan phan ctia f(x,y) tai M,.

Néu c6 thé biéu dién Af dudi dang Af = AAX+BAY+0O(p), p =/AX* +Ay?,
trong d6 A, Bla nhiing s6 chi phu thudc x,,y,, thitanoi ham s6 f(x,y) khd vi tai M,.
Con biéu thic AAX + BAy duoc goi la vi phan toan phcfzn cua f(x,y) tai M, va duogc
ky hiéu dz hoac df .
Dinh Iy. Néu ham sb z = f(x,y) xac dinh trong mién D va ¢ cac dao ham riéng lién
tuc tai diém M, (x,,y,) € D thi f(x,y) kha vi tai M, va ta co:
dz = f,Ax+ f Ay

Chi y. Ciing nhu d6i véi ham mot bién sd, néu x,y 1a bién sd doc 1ap thi
Ax =dx, Ay =dy, do do dz = f/dx+ f dy.

Tir dinh nghia ta thdy vi phan toan phan df chi khac s6 gia toan phan Af mot
VCB béc cao hon p =+/Ax? + Ay? . Do d6 khi Ax,Ay c6 tri s6 tuyét dbi kha bé, ta c6
thé xem Af ~df , tic 1a:
f(Xo +AX, Y, +AY)_ f(xo’ )’o)z f(xo' YO)+ fx’(X07YO)AX+ fx’(xo’ YO)Ay

Vidy 2.24. Tinh gin ding 3/(1,02) +(0,05)

Xétz =3/x* +y? . Tacan tinh z(x, + AX, y, +Ay) Vi x, =1, Ax=0,02,
Y, =0, Ay =0,05

' 2X / 2y
7 =— 7 =——
X ' y
3%/(x2 + y2)2 C'}%/(x2 + yz)2
. 2.1 2.0 0,04
Taco: 2(1+0.02,0+0.05) = 2(10) + 0,02+ ———0,05 =1+ == ~101333

R1+0 R1+0

2.2.3. Dao ham riéng cia ham hgp , ,

Gia str z = f(u,v), voi u,v la cdc ham so ctia cing mdt bién x,u = ¢(x),
v=y(x). Khi d6 ta c6 ham hop: z = f[p(x),w(x)].

Dao ham cta z theo x: z, = f/(u,v)u, + f/(u,v)V,
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Dao ham cua z theo y: z| = f/(u,v)u, + f,(u,v)V,
Vidu225.Cho z=¢e"Inv, u=xy,v=x*>+y?

e" 2xe”
z;=e“Inv.y+—2x=e"yyln(x2+y2)+ .
v x> +y

u

e 2ye”
7, =e" v .x+—2y=e"xIn(x*+y? )+ y
v

X% +y?

2.2.4. Pao ham riéng va vi phin cip cao.

a) Pao ham riéng cap cao.

Cho ham s6 hai bién s6 z= f(x,y). Céc dao ham riéng f,, f; 1 nhitng dao

ham riéng cap mdt. Cac dao ham riéng ctuia cac dao ham riéng cap mot néu ton tai dugc

goi 1a nhitng dao ham riéng cap hai. Ta c6 4 dao ham riéng cip hai dugc ky hiéu nhu

Sau.

o(of o°f

—| == = f5(x,
ox\ox ) ox? X(X y)
o (of 0° f

il Bl :f” ,
oy\ox ) oxoy Xy(x y)
0 ( of 0% f
—|=|====f.xYy
oy\oy ) oy? y( )
o ( of 0% f

—_— — | = :f” y
ox\ oy ) oyox n(x¥)

Céc dao ham riéng cua cac dao ham riéng cap hai, néu ton tai dugc goi la cac dao ham
riéng cap ba,...

Néu ham s6 f(x,y) c6 cc dao ham rieng f(x,y), f/(x y) tai M,va céc dao

ham riéng lién tuc tai M, thi 7 (x,y)= 7 (x,y) tai M.

Vi du 2.26. Tim céc dao ham ri€ng cap 2 cia cac ham so sau:
2 2
a) z=e""

, 2.2 2,2 2,2
Taco: z, =2xe*"", 2!, =2e"7 +4x%e*
2 2 2 2 2 2
2, =2ye**V, 2!, =2e"" +4y*e ™
2 2
zy, = 2, =4xye’ ™

b) z=x*In(x+y?)
2 2X2y

Taco: 2, =2xh(x+y?)+ = -
X+y

z

!

x+y?' ¢

2x  X*+2xy?
+

2!, :2In(x+ y2)+ Y (x+y2)2

26



) Axy 2yx*

Xy (x+y2)2 (X+ y2)2
. 2x3-2x%y? o 2yx* +4xy®

Ty T ey
Vidyu2.27.Cho z=x’Iny. Tinh z{,

2 2
Taco: z, =3x°Iny ; z}, _¥ = 79 :—SLZ
Y y

Chli y: Ta dang ky higu 2%, dé chi lay dao ham theo bién x ba lan lién tiép,
sau d6 14y dao ham nim 1an theo bién vy .
b) Vi phan cip cao. ‘ o

Xét ham s6 z= f(x,y). Vi phin toan phan cua dz= f/dx+ f dy,néu ton tai
duoc goi 13 vi phdn toan phin cdp 2 cia zva dugc ky hidu d?z. Vay
d?z = d(dz) = d(f,dx+ f.dy).

Cir tiép tuc nhu vay ngudi ta dinh nghia vi phan cip cao hon:

d"z=d(d"z)
Gia str x,y 1a nhitng bién s6 doc 1ap va cac dao hamriéng f, f lién tuc, khi
do:d?z = fdx® +2f dxdy+ fy"zdy2

Xy
o . 0. Y

Ngudi ta thuong dung ky hiéu tugng trung: d?z = [a— dx+5dyJ f, trong do
X

cac binh phuong hai lan cﬁag,% chi phép iy dao ham riéng hai 1an ddi véi x , hai
X

2

lan d6i véi vy, chi phép 1dy dao ham riéng mot 1an ddi véi x, mot 1an dbi vai y
Tong quat: d"z = 3dx+3dy f
OX oy

Vi du 2.28. Tim vi phan cép hai cua ham sé z =e**" .

Taco:
2 2 2 2 2 2
2 =2xe" ", 2!, =2e"" +4x%e"
_ X2 +y? _ paxi+y? 2, x%+y?
7, =2ye z’y’2 =2e +4y‘e

2 2
2y, =1z, =4xye” "

Do d6: d%z = (2+4x2)e* Y dx? +8xye* ¥ dxdy+ (2+4y?)e* ™ dy?.
2.2.5. Cye tri cia ham nhiéu bién

Khai ni€m cuyc tri cua ham s6 n bién s6 dugc dinh nghia hoan toan twong ty nhu
cuc tri cia ham mot bién so.
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Pinh nghia. Cho ham sé z = f(x,y) xac dinh trén D = R?. Ta noi rang ham s6
f(x,y) dat cuc dai ( cuc tiéu ) tai M, (X,,Yo) néu v6i moi diém M (X, y) trong mot lan
can nao do cua M, thi f(x,y) < f(X,,Y,) (F(Xy)= f(X,,Y,))-

Diém M, (x,,Y,) ma tai d6 ham s6 f(x,y) dat gia tri cuc dai ( cuc tiéu ) duoc
goi la fiiém cuc dai ( diém cue tiéu ) cua nd. Cac diém cuc dai va cuc tiéu duogc goi la
cac diém cuec tri cua ham so.

a) Cyec tri khong c6 diéu kién rang budc ( cuc tri tu do )

Dinh Iy . Néu ham s6 z= f(x,y) dat cuc tri tai M,(X,,Y,) ma tai d6 cac dao
hamriéng f,, f; ton tai thi cac dao ham riéng 4y bang khong.

Pinh 1y trén cho théy ham sd f(x,y) chi co thé dat cuc tr tai cac diém tGi han.

Ky higu: A= fx,; (XO’yO)1 B= fx’)'/(XO’yO)’ C= fyﬂz (Xo’yo)

Pinh Iy . Gia st z= f(x,y) c6 cac dao ham riéng dén cép 2 lién tuc trong mot
1an cén nao d6 cua My(X,,Y,). Gid st tai M, ta €6 f(x,,¥,)= f,(X,,¥,)=0. Khi do
tar M,:

i) Néu AC-B?>0 thi f(x,y) dat cuc tri tai M. D6 1a cuc tiéu néu A>0, la

cuc dai néu A<O0.

i) Néu AC-B2 <0 thi f(x,y) khong dat cuc tri tai M,.

iii) Néu AC-B2 =0 thi f(x,y) co thé dat cuc tri tai M, cling c6 thé khong dat

cuctritai M, .
Vi du 2.29. Tim cuyc tri ciia ham sé z=x3+y  —3xy
Taco: z, =3x* -3y, z, =3y” —3x

{Z'y =0 - {x=0,y=0
z,=0 x=1Ly=1

Ham s6 ¢6 2 diém dimg M, (0,0), M, (11).

z;’z =6X, 2, =-3, z;z =6y

Tai M,(0,0): A=0, B=-3,C=0= AC-B*=-9<0= M,(0,0) khong phai la
diém cuc tri.

Tai M,(1): A=6, B=-3C=6=AC-B?*=27>0= M,(11) la diém cuc
tiéu.

Vay ham sb dat cuc tiéu tai M ,(@1).
¢) Cue trj c6 diéu kién , o

Ngudi ta goi cuce tri ctia ham s6 z = f(x,y) (1) trong d6 cac bién s6 x va ybi
rang budc bai hé thirc ¢(x,y)=0 (2) 1a cuc tri co diéu kién.

Hé thuc (2) 4p dit sy phu thudc 1an nhau giira cic bién dudi dang ham an. Néu
tir (2) ta biéu dién duoc y dudi dang ham hién y = w(x) thi bai toan cuc tri diéu kién
néu trén qui vé bai toan tim cuyc tri ty do cia ham mot bién sd x: z = f (X, (X)) .

Vi du 2.30. Tim cuyc tri ciia ham sb z = 2x? + y? — 2y — 2 voéi diéu kién
-X+y+1=0

Tur didu kién —x+y+1=0=y=x-1

Thay y=x-1 vao ding thitc z=2x? +y? -2y -2, ta co:

z=2x"+(x-1)" —2(x -1)-2=3x> —4x +1
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Tim cuyec tri ciia ham z =3x* —4x +1.

x| —x 2/3
z' - 0 +
2 +00 +00
z':6x—4:0<:>x:§ -
\ 1/6 7

Vay z dat cuc tiéu tai (%—%) Zoin -

Néu phuong trinh (2) x4c dinh y 1a ham 4n cua x, néi chung khong gii ra ddi

v6i y khi d6 ta co phuong phép sau day dé tim cuc tri ctia ham sd.
e Phuong phdp nhdn tu Lagrange.

Theo phuong phap Lagrange viéc tim cuc tri co diéu kién ciia ham (2) véi diéu kién
(3) dua vé tim cyc tri ty do cua ham L(x,y,4)= f(x,y)+A¢(x). Goi la ham Lagrange,

s6 A duoc goi 1a mot nhan tir Lagrange.
biém dung cia ham L(x,y,A) dugc xac dinh tir hé:

L' =0
L, =0
p(x,y)=0

Néu d2L(x,,Y,) >0 thi (x,,Y,) 1a diém cyc tiéu.
d2L(X,,Y,) <0 thi (x,,y,) la diém cuc dai
d2L(Xy, Y,) =0 thi (x,,Y,) Khong la diém tri.
Trong d6: d’L = L/,dx* + 2L} dxdy+ L;’zdy2
Chiy. g dx+¢|dy =0, dx*+dy* >0
Vi du 2.31. Tim cuc tri ctia ham z =6 — 4x — 3y v&i didu kién x? +y2 =1

Lap L(x,y,A)=6—4x-3y+ /1(x2 +y? —1). Diém dimg cua z xac dinh tir hé:

Ll =0 —4+2Ix=0
L, =0 <<-3+21y=0
o(x,y)=0 x> +y?=1

Giai ta co:
5 4 3 4 3
2« =), X = -, =, M I
1 2 1 5 yl 5 1(5 5}
5 4 3 4 3
/1 =__1X =, =, M .
N 2( 5 5)

LI, =24, L}, =0, L, =22
d2L(M,) =24, (dx? +dy) 5(dx? +dy?)> 0

Vay M, la diém cuc tiéu c6 diéu kién cua z: Zin = Z(%gj

1

d2L(M, ) =24, (dx? +dy? )= —5(dx? +dy? )< 0
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Vay M, la diém cuc dai co diéu kién cta z: Zin = z(

Bai tap.
Cau 1. Tinh dao ham y’ ctia cac ham so sau:
1)y:<‘/x_3+£2—%+2

x> X
2)y =log, x+3log, x
3)y=5x+6x+£1J
7

4)y:In(x+1+\/x2+2x+3)

5)y = tan5x
6)y:In(In\/;)
7)y=sin*x*

8) y =sin* x+cos* x

9)y =+/xe¥
1

10) y = ge0sx
11) y = e X

12)y =(2+cosx)’

13)y=1-e*

14)y = x**

Cau 2. Tinh dao ham cta cdc ham an y = y(x) xac dinh tir cac phuong trinh sau:

1) x> +2xy — y* = 2x

2)\/§+\/§=a
3)arctan y_ In X% + y?

X
4)e*siny—e Y cosx=0

5) x?y +arctan Y o
X

Cau 3. Tinh dao ham cua cac ham s6 cho theo tham so
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{x acos’t
1)

y =bsin’t
In sm
2)
In(smt)
3) X=t"+2t
=In(1+t)
x = e' cost
4){
y=e'sint

Cau 4. Tinh vi phan dy cta cac ham sd sau:
1)y =(1+x*)arccot x

2)y:In(sin\/;)
3) y =sin®2x

4)y = \/§ arctan \/§

5)y=——

B1-x
B)y=xe”"
7)y=2%"
8) y =arccos2*
9) y = cos® V/x
10)y =x’Inx
1)y =In(arctan (sinx))
Cau 5. Tinh vi phan cp hai d?y cta cac ham sd sau:
ny=4~
2)y=+In*x-4

3)y=xInx

4)y = cos® X
Cau 6. Tinh dao ham céc cap duogc chi ra ciia cac ham so tai x tuong Ung

X2
1 =
)y L«
e

y*(0) =2

x

2y="—" y7O="

Cau 7. Tinh dao ham cdp n cta cac ham sb sau:
1) y=In(1+x)
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Cau 8. Tim cuc tri ctia cac ham sb sau:
)y=x"-6x"+9x-4
2)y=(x+1)e”

3)y:cosx+%c032x

4)y:\/§Inx

5)y=JL-x)(x-2)*

6)y=xe 2

7)y =In(1+x*)—arctan x

Cau 9. Tim gi4 tri 16n nhat,nho nhit cua:
1)y =2x*-3x*-36x-8 trén [-3,6]

2)y= (x—3)2 e trén [-1,4]

3)y =2tanx—tan®x trén [O%}

Cau 10. Ap dung vi phan dé tinh gan ding cac gia tri:
52—0,15
2+0,15

; arcsin 0,51; sin 29°;3/26,19; (1,03)’

Cau 11. Viét cong thirc Maclaurin cta cac ham sd sau:

I)y=tanx dén o(x°)

2)y=e"™ dén o(x’)

3)y=In(l+x) dén o(x")
)

1 £
4)y=——— dén o(xn
1+x

6)y:Ins’iﬂ dén o(x)
X

7)y=Incosx dén o(x“)

Cau 12. Ap dung qui tdc L’Héspital, tim cac gidi han sau:
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tan X — X

1) Lim .
x>0 X —Sinx
2) Lim arctansx —X
x—0 X
3) lim xe™*
4) lim xIn x
x—0"
5) Lim & —X
x—>a X—a
2Xx
6) Lim &
x>0 Sinx
2
7) Lim X X1+Inx
x—1 e’ —e
8) Limu
x>0 X —sinX
x>o 3X°+x-1
10) Lim —>
x>o N1+ X)
4
11) Lim——* ~16

x>2 X3 +5x* —6x—16
1

12) Lim L+ x? )"

Cau 13. Tinh cac dao ham riéng cap mot cuia cac ham so sau:

Dz=x"+y>+3x°y?

2)z=tan(x+ y)ey
3) z = xy In(xy)

4)z= X _e*arctan y
y

5)z= In(x+\/m)
X
Céu 14. Cho z=xy+ycosx+xsiny. Tinh 2% ,
Cau 15. Cho z=¢’Inx. Tinh z(“)yXyz
Céu 16. Cho z=xe’ +y*+ysinx . Tinh z/,

Cau 17. Tinh vi phan toan phan dz ctia cac ham s sau:
Nz=x*+4Y

2)z=In\x-y

3)z=arctan(y—x)

6)z=

4)z = x* = 2xy +sin(xy)
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Cau 18. Tim vi phan cép hai ciia cac ham s sau:
1)z =sin’x+e”

2)z=yInx

3)z=x*+xsin’y

4)z =x*y°

5)z = X* +XC0s* y

Cau 19. Tim cuyec tri ciia cac ham sb sau:
Dz=x>+xy+y —2x—y
2)z=xy*(6-x-Y), x>0,y>0

3)z = xy\1-Xx* —y?

Az =x"+y" —2x% +4xy —2y?

5)z:xy+@+§, x>0,y>0
Xy

6)z:x\/§—x2—y+6x+3
7)z=-3x"+2e" -2y +3

Cau 20. Tim cuc tri ¢6 diéu kién cua cac ham so sau:

Dz=x2+y?+xy—5x—4y+10 voi didu kién x+y=4
2)z=xy v6i diéu kién 2x+3y =5

3)z=¢" véi diéu kién x+y=1

4)z=x+2y véidiéukién x2+y2=5

5)z=x2+Yy? v6i diéu kién %+%:1

6)z=6-4x—3y v6i diéu kién x> +y2 =1
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CHUONG III. PHEP TiNH TiCH PHAN CUA HAM SO

Chuong 2 ta da xét bai toan: Cho trudc mot ham s6 tim dao ham cua no. Chuong

nay ta xét bai toan ngugc lai 1a cho 1 ham s, tim 1 ham s6 c6 dao ham 1a ham so ay.

3.1.Tich phén bit dinh.

3.1.1. Pinh nghia.

i) Nguyén ham. Cho ham s6 y = f(x) xac dinh trén X < R, néu c6 mot ham sb F(x)
sao cho F'(x)= f(x) hay dF(x)= f(x)dx, ¥x e X thi F(x) goi 12 mot nguyén ham cua
f(x).

Vidu3.1.

Nguyén ham cta f(x)=% la F(x)=1In|x

Nguyén ham ctia f(x)=cosx 1a F(x)=sin x

Nhdn xét. Néu F(x) 1a mot nguyén ham coa f(x) trén X thi F(x)+C ciing 1 mot
nguyén ham cua f(x), véi Cla mot hang s6 bat ky.

i) Tich phan bat dinh.

Néu trong mot mién nao d6 ham sd f(x) c6 mot nguyén ham la F(x) thi biéu
thirc F(x)+C, C la mot hang s tiy ¥ goi 1a tich phan bat dinh ctia ham sd f(x) trong
mién do.

Ky hiéu: I f(x)Jdx = F(x)+C (doc Ia tich phan cta f(x)dx )

Biéu thiuc f(x)dx dwoc goi la biéu thirc dudi déu tich phan va ham sé f(x)
duoc got la ham s6 dudi dau tich phan.
3.1.2. Bang tich phan co ban

Tur bang vi phan co ban ta c6 bang tich phan co ban sau:

1.Idx=x+C 8.Icosxdx:sin X+C
a+l
Z.Ix“dx= X +C 9.j _d>2< =—cotx+C
a+1 SIn “ X
dx
3.|—=h|x/+C 10. =tanx+C
Jx 2 J.coszx
4.[ dxzzarctanx+C=—arccotx+C 11.J' 5 2:larctanidrc
1+x a‘+x a a
dx . dx . X
S.Iﬂ:arcsm X+C =—arccos X+ C 12.'[ﬁ=arcsm g+C
6.[a"dx= a Xdx = e* +C 13j ﬂm
Ina a’—x? a—X
. dx
7.|sin xdx=—cosx+C 14. =In‘x+\/x2+b‘+c
.[ J- IX2+b

3.1.3.Tinh chz"lt ciia tich phan bat dinh.

L[ f()dx) = F(x)  hay d] f(xpx= f(x)x
Z.IF x):ix:F( )+C hay IdF(x):F(x)+C
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3. J[ £ ()= g(x)kx = [ £ (x)dx + [ g(x)x
4. [kt (x dx:kJ.f (x)x (k la hang sd)
5. Néu I x)dx = F(x)+C thi J'f(u)du = F(u)+C véi u=u(x) batky.

Tir tinh chét nay suy ra: C6 thé thay di so 14y tich phan x trong bang tich phan

co ban boi ddi s6 u bat ky. Chang han: [cosudu =sinu+C
Vidu 3.2.
. . 1 5
a) I(st +5x%° — 2sin x)dx = I3x5dx+j5x3dx - 2I5|n xdx = §x6 +ZX4 +2c0sx+C

b) [sin (5x+3)x = 1jsin (5x+3)d(5x +3) = —%cos(Sx +3)+C

=—In|cos x|+ C

C) Itanxdx anxd = I (cosx)

COS X COS X

1
)Im) I 1+x =—;—arctanx+c

3.1.4. Cac phwong phap tinh tich phan
a) Phwong phap doi bién

Xét tich phan | —J. (x)dx, trong d6 f(x) 1a mot ham lién tuc . Dé tinh tich phan
nay nhiéu khi khong ap dung truc tiép bang tich phan co ban, ma phai bi‘én d6i roi méi
ap dung dugc. Phuong phap sau day cho cach tinh tich phan dé bang cach thay
X =g(t), voi giad thiét ham s0 x = (p(t) don di€u c6 dao ham lién tuc. Ta co:

dx = @'(t)dt = | =j (xHx = [ f (p(t)lp'(t)dt = [ gt)t.

Khi phép doi bién duogc lua chon phu hop thi tich phan theo bién s t s& don
gian hon.

. dx
Vidy3.3. Tinh I =
fdy P
bat x=t* thi dx =2tdt. Luc do
—J' 2t j“t_ldt=jdt—jidt=t—|n|1+t|+c
1+t 1+t 1+t
Viy | = —In‘1+\/§‘+c

Vidu3.4. Tinh | =.|.\/a2 —x*dx (a>0)

bat x=asint, —%stgz

2
= dx = acost
Taco: Va2 —x? =va? —a?sint = /a?(L—sin 2t) = acost
Luc do:

1 cosZt a’. a’ . a? a? .
* dt=—t+—sin2t+C=—t+—sintcost+C
2 4 2 2

2 2 2
Tu x=asint = t =arcsin %; costz\/l—x— =\/a—x

a’ a
2 2 2
. a . X xdJa?-x
Vay I:?arcsm—+T+C
a

I —.[acostacostdt—a _[cos tdt = a? j
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Chl y. Néu biéu thirc f(x)dx dudi déu tich phan c6 thé biéu dién dudi dang
f (x)dx = g[e(x)[de(x) thi ta c6 thé dat t = p(x) dé chuyén sang tich phan cua biéu thirc
g(t)dt néu tich phan d6 dé hon.

Vidu 3.5. Tinh I_J'—dx

Y1+ %3
5 —
|=J. X dX:J (1+X 1)
Y1+ %3 Y1+ %3
Dat t =1+ x® = dt =3x%dx
Suy ra:
—+1 -—+1
3 3

Vay: | = %3\/(1+ x3)5 —%3\/(1+ x3)2 +C
b) Phwong phap tich phan tirng phan

Néu c6 cac ham s6 kha vi u=u(x),v=v(x) sao cho f(x)dx=udv thi ta c6 cong
thire:

j f(x)dx = Judv =uv-— jvdu (*) goi la cong thirc tich phan timg phan.

Dé ap dung cong thirc (*) tinh duoc _[f(x)dx ta phai chon u,v sao cho Ivdu
tinh dé dang hon I udv . Mit khac ta cling c6 thé ap dung cong thic nhiéu lan dé tinh

j f (x)dx.
Vi du 3.6. Tinh céc tich phan sau:
a) | :jxef“dx
bit u=x, dv=e?*dx.Suy ra du=dx,v= —%e‘“
Do do: | = jxe’zxdx = —lxe*“ +£je’2xdx __L xe 2 —le’2X +C
2 2 2 4

b) I = _farctan xdx

1
bat u=arctanx,dv=dx=du=—-,v=x
+ X

Do do: | =

X2 = xarctan x—%ln (1+ x2)+C
X
c) Tinh 1 =.|.x3 In 2xdx
batu=h2x = du:%
X

dv = x3dx :>v:%x4
I :J‘x3 In 2xdx:1x4 In 2x—lfx3dx:1x4 In 2x—ix4 +C
4 4 4 16

d) I =Ieaxsin bxdx

37



bat u=sinbx = du=bcosbxdx

1
dv=e¥dx =—=v==e*
a

. 1 b
I = |e®™sin bxdx==e*sin bx—— | e®™ cosbx (1
J - -] (1) |
Tiép tuc st dung tich phan tirng phan doi1 véi tich phan & vé phai.
bat u=cosbx = du=-bsin bxdxt

1
dv=e¥dx =—=v==e*
a

= J.eaX coshxdx :leax cos bx+9_|'eax sin bxdx
a a

Thay vao (1), ta dugc:

| :leaxsin bx—E_[eax coshx = Eeaxsin bx—B(ieax cosbx+E Ij
a

a a ala a
2 ax ax H _
:I(b—2+1J=e—(sin bx—Ecosbxj —1=2 (ash EX ?COSbX)
a a a a‘+b
Nhan xet.

1. Cac tich phéan Ix”ekxdx, jx”sin kxdx, J.x” coskxdx véi ne N, ta c6 thé tinh

duoc bang phuong phap tich phan timg phan véi u=x" va dv 13 phan con lai cta biéu

thirc du6i dau tich phan.

2. Tich phan dang J X“In" xdx (a #-1lne N*) c6 thé tinh dugc bang phuong

phép tich phén timg phan véi u=In" x, dv = x“dXx.

3. Tich phén Ix” arctan kxdx véi ne N c6 thé tinh duoc bang phuong phép tich

phan timg phan véi u = arctan kx, dv = x"dx .
3.1.5. Tich phan cac ham s6 hiru ti.
a) Tich phan cac ham hiru ti don gidn

Ham hitu ti don gian hay phan s hitu ti don gian 13 cac ham hiru ti c6 mot

trong 4 dang sau day:
1. A
X—a
A
(x-a)’
Mx + N
X%+ px+q
Mx+ N
2 k
(x + px+ q)
trong d6 p>-4q<0,k>2,keN
Bay gio 1an luot ta tinh tich phan cta cac ham hitu ti don gian nay.

1= ax= Aln|x-a+C]|
X—a

2.

3

4.

(A x—a)d(x—a)= A. L -
L Lt



2 2
3. Phéan tich x2+px+q:(x+§j J{q_p?]

2 2

Theo gia thiét q —pT >0 nén dat duoc q _pT =a’.

Pit x+§=t thi dx = dt . Khi do:

p
MX + N M(t_sz\I tat P); dt
|=j dx:j dt:Mjm+[N—M—jj—

X* + px+q t> +a’ 2 P tP+a’

=Mln(t2 +a2)+(N -M E)larctanljtc
2 2)a

a
M p 1 2X+p
:—In(x2+px+q)+(N—M—)—arctan—+C
2 2)\aq-p*  \4q-p’
4. Tuong ty
Mx + N tdt P dt
=[x =M [ 2k+(N—M—}J'—2 -
(x? +px+q) (t°+a“) 2 )0 (t°+a)
M1 L kl+[N—MEj.Ik
T 21—k (t +a) 2
veil, = [ %
(t2+a2)
Détu:;k, dv = dx
(t2+a2)
Suy ra: du=Ltd:+1,v:x
(t2+a2)
t 2kt?dt t
O v S0 [ e S e R [ e Sl e
— t 2
Ik_(ter—az)k+2klk—2kalk+l
t 2k -1
Vay I, . = + | *
Ay 1y 2ka2(t2+a2)k okl *)
X dt 1 t
Tabiét; | ,=| ———=—arctan—+C
! J.t2+a2 a a
1 t 1 t
=1, = . + arctan —+C
2 2a%'t?+a? 2a° a

Co 1, ta tinh duoc |,

(*) goi 1a cong thirc truy hoi, biét I, s& tinh dugc 1, ;.
b) Tich phan cac ham hiru ti bat ky.
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P.(x)

m

Dang tong quat ciia mot ham hitu ti 1a y = f(x) =

, trong d6 P, (x),Q,,(X)

la nhirng da thirc bac n,m va khong c6 nghiém chung.

Néu n<m thi ham hitu ti goi la ham hiru ti thuc suy.

Néu n>m thi ham hiru ti goi 12 ham hitu ti khong thuc sur.

Mot ham hiru ti khong thyuc sy co thé phan tich thanh téng cua mot da thuc va
mot ham hitu ti thue sy bang cach chia tir s6 cho miu sd. Ta chi xét cac ham hitu ti
thuc su .

Nhgn xét. MGt ham hiru ti thyc sy luén phan tich dugc thanh téng cua nhirng
ham hitu ti don gian da xét ¢ trén nhu sau:

2+ + +...+

y:

trong d6 A, A,,...,B,B,,...C,,C,,... 1a cac héng sb goi la cac hé sb bt dinh duoc xét
nhu sau:

Quy dong mau sd 2 vé, roi bé mau s6 di ta dugc 2 da thitc ¢ 2 vé dong nhat
nhau. Pong nhit hé sé cia cung lity thira cia x & 2 vé ta dugc mot hé phuong trinh dé
xac dinh A A,...,B,B,,...C,,C,,...

3
Vidu37. Tinh 1= [ X
X +4x-5
3 —_— —
Tacs: XLy gy X1, 21X
X2 +4x -5 X2 +4x -5 (x—1)x +5)

21x-19 _ A B
(x—1)x+5) x-1 x+5
hay 21x-19=(A+B)x+5A-B

1

A+B=21 3

Suy ra & 3
5A-B=-19 62

3

A 1 62 x° 1 62
Viy | :I(x—4+3(X_l)+3(X+5)jdx=?—4x+gln|x—]j+?ln|x+5|+c

NG +x+8

Vidu3.8. Tinh 1 —jm

., X*+x+8 A Bx+C

Ta co: =—+
x(x2+4)  x  xZ+4

Hay Ax® +4A+Bx®+Cx=X"+Xx+8
A+B=1 A=2
Suyra<C=1 <4B=-1

4A=8 C=1
Do dé: | :J[g— 2X + 21 )dx:ZIn|x|—1In(x2 +4)+1arctan§+C
X X°+4 Xx°+4 2 2 2
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3.2. Tich phan xac dinh
3.2.1. Bai toan din dén khai niém tich phan xac dinh

c) Bai toan tinh dién tich hinh thang cong

Xét hinh gi61 han béi duong y= f(x) vé1 f(x)>0, truc Ox va hai duong
thang x =a,x =b, ta goi hinh nhu thé 13 hinh thang cong.

Chia doan [a,b] thanh n phin bat ky béi cac diém:
a=Xy <X, <X3 <. <X <X,y <...<X, =D.
Vadat AX, =X, —Xg, 0 A =X, — Xy, AX, =X, — X, 4

Tir cac diém X, X,,..., X, ta dung cac duong thang song song véi truc Oy . Ching
chia hinh thang cong AabB ra thanh n hinh thang cong nhod c6 day 1a Ax,Ax,,...,AX,
Trong mdi doan [x,,,x] (i=12..n) liy 1 diém & tuy y. Khi d6 dién tich hinh thang
cong day Ax, gan bang dién tich hinh chit nhat ciing c6 ddy Ax, va chiéu cao ().
Nhu vay, dién tich S cua hinh thang cong AabB duoc tinh xdp xi theo cong thuc:

S~3§, = f(§1)AX1 + f(égz)sz +oF f(égn )Axn = Z f(égi )Axi :
i=1
Ta thay dién tich gan ding S, cang gan S néu n cang 1én sao cho moi do dai
Ax, cang nhd. Ta qui udc khi n—> oo thi moi Ax, — 0. Néu dat A = max Ax, thi 1 —0.
Dién tich hinh thang cong § = Lim D f(&)Ax
>

d) Bai toan tinh cong ciia lwc bién thién

Xét mot vat chuyén dong thang tr a dén b dudi tac dung ctia mot lyc c6
phuong 13 phuong ciia chuyén dong, va d6 16n F cia luc phu thudc vao khoang cach S
ctia vat tinh tir 1 diém O nao d6 : F = F(s). Ta sé& tinh cong cua luc bién thién do.

0] M X

a b

Chia doan [a,b] thanh n phan bét ky boi cat diém:

a=8,<5<8,<..<§ <8, <..<S, =b

i+1
Vadat As, =s,—s,, ...,AS; =S, —S.;, AS,=S,—S,,
Trong mdi doan [S,,S,,,] (i=12..n) liy 1 diém & tiy ¥ va trong doan dé coi

luc 12 khong doi va bang F(&,), lac d6 cong cia luc F(Z)Ax, .
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Cong: A~ A, = Z F(&)AX,
i=1

Tuong tu bai toan tinh di€n tich hinh thang cong, ta dinh nghia:

n

A= %'_)T Z F(fi )Axi (2)

Trong toan hoc, gi6i han (1),(2) dwgc goi la tich phan x4c dinh cia ham sb
f(x) trén doan [a,b].
3.2.2. DPinh nghia tich phan xac dinh

Cho ham sb f(x) xac dinh va bi chan trén doan [a,b]. Chia doan [a,b] thanh n
phan bt ky boi cac diém chia: a=xX, <X <X, <..<X <X, <..<X =b
Vadat Ax, =X, —X, i=1n

i+1

Trong mdi doan [x;,x,,],i=1n lay 1 diém & tuy y. Lap tong: I, =D f(&)Ax,
i=1

bat 1 =max Ax,, A —0 khi n >

Pinh nghia. Néu ton tai giéi han hiru han | = Lim |, va gidi han d6 khong phu

thudc vao cach chia doan [a, b], cach chon cac diém & thi ta goi I 1a tich phén xac
dinh cua ham s6 f(x) trén doan [a, b].
b

Ky hiéu: 1 =[ f(x)dx, alacan dusi, b 1a can trén.

I goi 14 ddu tich phan, f(x) va f(x) dx goi 1a ham sé va biéu thirc dwéi ddu
tich phan. x 1a d@6i so ( bién so ) lay tich phan. Néu f(x) c6 tich phan trén doan [a,b]
thi ham s6 f(x) goi 1a khd tich trén [a,b)].
3.2.3. Y nghia cia tich phan xéc dinh
a) Y nghia hinh hoc.

Dién tich S cua hinh thang cong gidi han boi duong  y = f(x), f(x) >0, truc Ox

b
va cac duong thing x=a,x=bla: S = I f(x)dx.

b) Y nghia co hoc
Cong A cua lyc bién thién F(s)lam mot vat chuyén dong théng tr s=a dén

s=b la: Azj'F(s)ds
3.2.4. Tich phan véi cin bat ky
Ta da dinh nghia T f(x)dx véi a<b. Truong hgp a=b va a >b, khai niém tich
phan duoc hiéu theo qui :Ic')rc sau day:
1. j f(x)dx =0
. .
2. [#(xJax=—[f(x)dx (a>b)
a b

3.2.5. Piéu kién kha tich
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Dinh ly. Mot ham s6 f(x) xac dinh trén doan [a,b] thi kha tich trén doan do
néu né thoa man mot trong cac didu kién sau day:

i) f(x) lién tuc trén [a,b] :

i) f(x) don diéu vabi chin trén [a,b]

iii) f(x) bichan va chicé mot sb hitu han diém gian doan trén [a,b].
3.3.6. Cic tinh chit co ban cia tich phan xac dinh.

i) Néu cac ham sé f(x), g(x) kha tich trén doan [a,b] thi tong f(x)+g(x) ciing

b b b
kha tich trén doan do6 va: j [f(x)+ g(x)Jdx = j f(x)ox + j g(x)dx
i) Néu f(x) kha tich trén doan [a,b] thi kf(x) cling kha tich trén doan d6 va:
b b
[k ()b =k [ f (x)dx (k = cost)

iii) Néu f(x) kha tich trén doan chta ca 3 diém a,b,c thi:

T f(x)dx = JE f (x)dx + j. f (x)dx

b

iv) Néu f(x) khatich va f(x)>0 trén doan [a,b] (a<b ) thi [ f(x)dx>0

v) Néu cac ham s f(x), g(x) kha tich va f(x)> g(x) trén doana[a, b](a <b ) thi
j' f(x)dx > j.g(x)dx
a vi) aNéu f(x) kha tich trén doan [a,b] (a<b ) thi |f(x)| ciing kha tich trén

doan do va

j' f (x)dx

< Jb-| f (x)|dx

3.3.7. Lién h¢ giira tich phan xdc dinh va nguyén ham

Cong thirc Newton — Leibnitz:
b

Néu f(x) lién tuc trén [a,b] thi ta c6 cong thirc: J f (x)dx = F(b) - F(a), trong

a

d6 F(x) 1a mot nguyén ham cta f(x) trén [a,b].

Vidu 3.9. Tinh Izjxcosxdx.
0

Ap dung phuong phép tich phan ting phan véi u = x,dv = cos xdx , ta c0:
F(x) = xsin X+ c0s X
Str dung cong thurec Newton — Leibnitz, ta dugc: | =F(z)-F(0)=-1-1=-2
Tuong tu nhu tich phén?bét dinh ta c6 hai phuong phap co ban dé tinh tich phan
xac dinh, d6 1a phuong phép doi bién va phuong phap tich phan tirng phan.
3.3.7. Cac phuong phap tinh tich phan xac dinh
a) Phwong phap déi bién

b
Gid sir ta tinh [ f(x)dx, f(x) lién tuc trén [a,b].
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bat x = ¢(t) néu x = o(t) thoa man cac diéu kién:
i) o(t) c6 dao ham ¢'(t) lién tuc trén [a, A].
i) Khi t e[a, 8] thi x e[a,b]
i) p(a)=a, p(B)=b

b

B
thi ta ¢6 cong thie: [ f(x)dx = [ f (p(t)e'()dt

a a

2
Vi dy 3.10. Tinh | = j\/4- x2 dx
0

Diat x=2sint; c6 V4 - x> :Zcost,—%sts%
Taco: 2sint=0=1t=0; 23int=2:>t=£;dt dx = 2cost

N

T

: : _
Suy ra: | = .f2cost.2 costdt = 4]%(” - [4(1 + S'”42tﬂ‘
0 0

NN

I
S

2

0
b
Cha y: Néu tich phan c6 dang J. fly(x) ' (x)dx thi c6 thé dat t =w(x) trong do w(x)

lién tuc, don di€u va co yw'(x) = 0.

/4

2

Vidy3.11. Tinh 1= [0 g
5 1+C0S” X

bat t = cos x = dt = —sin xdx

Khi x=0=>1t=1 x:%:tzo

1

1 T
Fpe ! —arctant|o_Z

b) Ph1r0'ng phap tich phin tirng phén
Tuong tu nhu tich phan bat dlnh ta co phuong phap tich phan ting phan dé tinh

tich phan xac dinh theo cong thuc: I X)dx = '[udv uv| _[ vdu

Phuong phap ap dung cong thic ndy hoan toan twong tu nhu ddi véi tich phan bat
dinh.
1
Vidu 3.12. Tinh tich phan I :sz arctan xdx
0

dx
1+ x2

bat u=arctan x =du =

2 X3
dv=xdx =Dv=—

Suy ra
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3 3

1 1
I:jx2 arctan xdx = —— arctan x|l—1J. X ~dx

0 3 ¢ 371+

3 ! 1 3 1 1 ~
— X arctan x —EJ‘(X— ijdx:x—arctanx — 1xz—lln(1+x21 =—”+2(In2 )

3 o 330 1+x 3 , \6 6 . 12

3.2.9.Ung dung ciia tich phén xac dinh
a) Tinh di¢n tich hinh phang

Theo y nghia hinh hoc cua tich phan xac dinh, thi dién tich Scua hinh thang
cong gidi han bdi y = f(x), vaoi f(x) >0, truc Ox va2 duong x=a, x=>b la:

b
S= J f (x)dx ( néu tich phén ton tai )
i b
Néu f(x) <0, thidién tich S = —j f (x)dX .

b
Tém lai S = [| f (x)[dx

Vi du 3.13. Tim dién tich S giGi han b6i dudong y = 6x —3x*, truc Ox va duong
X=3.

Tacé: S=S,+85, :j.(Gx—3x2)dx—j.(6x—x2)dx
0 2

2 3
= (3x2 -~ x3lo —(3x2 -~ x312 =8
Néu dudng cong cho theo phuong trinh tham sd x = ¢(t), y =w(t). Trong d6
a<t<f Ung vo1 a<x<b thi dién tich S cua hinh thang cong gidi han bdi duong
cong, truc Ox va 2 duong x=a, x=b la:

b B
S = j | (x)|dx = j ly(D)¢'(®)|dt ( néu tich phan ton tai )

2 2

Vi du 3.14. Tinh dién tich S gi6i han boi duong elipse — + ;’—2 -1
a
Pua vé tham sb ta co:
X = acost,
y=Dbsint
Khi —a<x<a thi 0<t<x,do do:
S= 2j|bsin t(—asin t)dt = 2abﬂsin ? t‘dt = 2abjmdt _oap[ LS _ ap
0 0 0 2 2 0

b)Tinh d§ dai cung dwong cong
D6 dai s ctia cung AB ctia duong cong y = f(x) véi a<x<b la:

s:_T 1+ y'%dx

Néu duong cong cho theo phuong trinh tham s6 x=og(t), y=w(t). Trong dé
a<t< B ung voi a<x<b va o(t), w(t) co ¢'(t), w'(t) lién tuc trén [a,ﬂ] thi:
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s= [V @)+ (Dt

Vi du 3.15. Tinh d¢ dai ctia duon cycloide:
x=a(t—sint); y=a(l—cost); 0<t<2x
2

=8a

2 2
S= j a\/(l—cost)2 +sin’tdt = 2a_[ sin+ = —4acos
5 5 2 2
c) Tinh thé tich vit tron xoay

Thé tich vat tron xoay do hinh gi61i han boi ciac duong
x=a,X=b,y=0,y= f(x) quay xung quanh truc Ox tao nén, véi f(x) lién tuc trén
[a,b] 1&:

0

b
V =z £2(x)dx

Vi du 3.16. Tinh thé tich V cta vat tron xoay do hinh gioi han béi

x=0,x=r,y=0,y=sin x quay quanh Ox tao nén.
sin ij” 7t

2

Taco: V :nfsinzxdx:%(x—
0

2

0
d) Tinh cong cia lyc

Vidu3.17.

Tinh cong can thiét @& mang hét nudc tir mot hinh try ban kinh R, chiéu cao h
ra khoi dng d6 ( tir miéng dng ra ngoai ).

Léy truc Ox 1a truc cua hinh try, diém O & day trén cta hinh try va Ox hudng
xubng dudi.

Xét mot yéu td AV cla nudc gdm gitta hai mét phang
X =X, X =Xx+dx

Trong luong cia yéu td nay 1a: 7R%dx.1 va cong can thiét dé mang yéu td nay ra
khoi ong tru 1a: zR2dx..x. Do d6, cong can thiét ¢¢ mang hét nude ra khoi dng la:
aR*h?

Az;szixdx:
0

Vi du 3.18. Luc déy gitta hai dién tich cung dau e; va e» dat cach nhau mot

\ e A . ee
khoang r dugc cho bdi cong thic: F = ;—22 :

Gia sur dién tich e duoc dat cb dinh & géc toa do O, hay tinh cong cua luc déy F
san ra do dién tich ez di chuyén tir diém M1 c6 hoanh d6 r1 dén diém M2 c6 hoanh do r2

trén truc hoanh Ox.

@]

HZ

NZ
v X

r r
. e.e 1 1 1
Ta co: A:J‘—dl X =—ee,.—| =ee,| ———
n X Xr1 n n

e) Tinh ap lwe cia chit Iong
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Xet bai toan:
Tinh &p luc cua nude lén mot dap ABCD nhu hinh vé véi duong cong BC co
phuong trinh 1a y = f(x).
Lay tryc Oy trén mzf{t thoang cua nudc, A
truc Ox la duong thang AD hudng

xudng dudi. Xét mot 16p mong dx 7Y
cua nudc, cach truc Oy méot doan Xx. @) X /
Theo dinh luat pascal: Ap suit & do

sau x la w.x, w la trong lugng cla dx
mot don vi thé tich nudc. Mot cach gan S
dang ta coi 16p mong trén c6 dién tich D

la y.dx thi ap luc cta 16p d6 1én dap

1a: wxydx. Do d6 ap luc cua nuédce trén dap la:

h
P= a)I xydx, h 1a do su cua nudc. X v
o

Vi du 3.19. Xét dap co6 hinh ban nguyét: y=+R?—x?, x>0, thi do tinh d6i
xung ta co:

R
P= Zwa\/ R? - x?dx = —(R? - x*)""*
3.2.10. Tich phan suy rong

a) Tich phan co6 cian vo han
Gia st f(x) xac dinh trén nura khoang [a,+oo) va kha tich trong moi doan hiru

"2
o 3

R3

b
han [a,b]. Ta goi Lim j f (x)dx la tich phdn suy rong cia f(x) trén [a,+o0).

+00 b
Ky higu: | f(x)dx = Lim [ f()ax (1)

Néu gi61 han (1) tdn tai va hitu han thi tich phan goi 1a Agi tu, nguoc lai goi la
phan ky.
Tuong tu ta dinh nghia:

jb' f(x)dx = i!;'ﬂj- f (x)dx

TH@W=TH@W+TH@W (aeR)

—o0 a

[ £(dx hoi tw néu hai tich phan & vé phai hoi tu.
V& hinh hoc,trong truong hop f(x) >0, tich phan cua ham sé f(x) trén khoang
[a,+00) 1a dién tich hinh thang cong d4y v han.
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0] a \

Vi du 3.20. Tinh céc tich phan suy rong:

a) Il+x b%wj.“ 7= I_lm(arctan x| = Limarctanb _E

+00

T T
b) j1+x J‘1+x -[1+x =E+E=7[

c) j = Lim dxz = Limarctan x|, =

14 X2 aed 14 XE Ao

Vi du3.21. Xét s hoi tu cda tich phan | = [, ¢ >0, o #1
X
1

+0 la
I = d—Z_L OI—M_leb 1
lX b%+oc1)( b— 400 1_a
+© l-a _
Néu g>1thi 1= [ opimP -t 1
1 X* boee 1o a-1
+00 1-
Néu a<1thi | = %_L b 0
1Xa b—+w 1 a
Néu o =1thi I = %_t!_lmlnb 0
X —>+0

1
Vay tich phan suy rong | = Id—f a >0, hdi tu khi & >1 va phan ky khi o<1
X
1

b) Tich phan ciia ham khong bi chan

Cac ham sb khong bi chan trén [a,b] khong kha tich, tirc 1a tich phan x4c dinh
trén doan d6 khong ton tai theo nghia thong thuong. Ta s& md rong khai niém tich
phan cho truong hop nay.

Djnh nghia. Cho ham so f(x) xdc dinh trén [a,b), Lim f(x) =0, f(x) kha tich

b b’
trén moi doan [a,b’] véi b’ <b. Khi d6 ta dinh nghia tich phan [ f (x)dx = Lim [ £ (dx
Néu 2161 han bén vé phai tdn tai va hitu han thi ta néi tich phan hoi ty, nguoc lai
got la phan ky.
Tuong tu, ta dinh nghia cho truong hgp ham f (x) khong bi chan tai a:

j' f(x)dx = Limj f (x)dx

Téng quat: Néu f(x)khong bi chin tai c,a<c<b thi:
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b c b
j f (x)dx = j f (X)dx + j f (x)dx
Vi du 3.22.

= Limarcsin b = arcsin 1_5 ( Ham s6 khong bi chin

dx
o G2 bl o

tai x=1)
! 1
b)jlnxdx ngn In xdx = ngn(xlnx X, _ngj( l-alha-a)=-1
dx
©) [ ~Lin] -2 ~Limfi(inx), ~Lin(in(n 2)-In(n )~

3.3. Tich phan boi hal
3.3.1. Khai niém tich phan bgi hai

Khai ni¢m tich phan bdi cia ham nhiéu bién duge dinh nghia tuong tu nhu tich
phan xac dinh ctia ham mot bién.

a) Bai todn thé tich ciia vt thé hinh try ( Bai toan dn dén khai niém tich phan boi
2)

Gia st z= f(x y)la ham sb xac dinh, lién tuc, khong am trong mot mién D
doéng bi chan, c6 bién L trong mat phéng Oxy. Hay tinh thé tich ctia vat thé gi61 han
boi mat phang Oxy, mit z = f(x,y), dudng sinh song song Oz .

AZ

=
!
&
N,

Chia mién D mét cach tily ¥ thanh n manh nho, ky hiéu AS,. Ldy m&i manh nho
ay lam day, dung vat thé hinh try ma mit xung quanh c6 duong sinh song song vdi Oz
va vé phia trén gi6i han boi mat z = f(x, y) Nhu vay thé tich hinh try dang xét duoc

chia thanh n vat thé hinh tru nh6. Trong mdi manh AS, 13y diém tly y M, (x.y;). Tich
f(x,Y;)AS, (trong d6 AS;1a dién tich mién AS, ) bang thé tich hinh tru thing c6 day
AS; va chiéu cao f (x;,V;), n6 khac rat it thé tich AV, ctia vat thé hinh tru nho thtr i néu
manh AS, c6 duong kinh kha nho, vi ham s6 z = f(x,y) lién tuc. Vay c6 thé xem thé
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tich V cua vét thé hinh tru xdp xi bang > (%, ¥;)AS, . Phép xap xi nay cang chinh
i=1

xac néu n cang 10n va cac AS, c6 dudng kinh cang nho. Do d6 thé tich V cua vt thé
hinh try dang xét dugc dinh nghia bang gidi han, néu c6, clia tong trén khi n— oo sao
cho duong kinh 16n nhat trong cac duong kinh d, cuia cac manh AS; dan té1 khong,
gi4i han 4y khong phu thudce vao cach chia mién D, ciing nhu cach chon diém M, .

b) BPinh nghia.

Cho ham sd z = f(x,y) xac dinh trong mién D = R2. Chia mién D mot cach tuy
¥ thanh n mién nho, ky hiéu AS; . Trong mdi mién AS, liy diém tuy ¥ M (x,,Y,)- Tong
S, = i f(x,y,AS, (trong d6 AS,la dién tich mién AS, ) duoc goi la téng tich phan

i=1
ctia ham sb z = f(x,y) trong mién D.

Goi 1=maxd(As), d(As;) la duong kinh mién AS,. Néu khi n—>oc0sao cho
A—>0 ma S, dan toi mot gidi han xac dinh | , khong phu thudc vao cach chia mién
D va cach ldy diém M, trong mdi manh As,, thi giéi han iy dugc goi 1a tich phan boi 2

ctia ham s f(x,y) trong mién D va dugc ky hi¢u la: ” f(x, y)dxdy
D

D duoc goi la mién ldy tich phan, f(x,y) duoc goi 1a ham dudi du tich phan.
e Néu ham sé f(x,y) co tich phan boi 2 trén D thi ham f (x, y) duoc goi 1a kha tich
trén D. Nguoi ta ching minh duoc réng néu ham f(x,y) lién tuc trén mién dong D thi
n6 kha tich trén mién ay.
e Néu f(xy) lién tuc, khong am ¥(x,y)eD thi thé tich hinh try xét & trén
V= _U f(x, y)dxdy.
D

¢ Néu f(xy)=1V(xy)eD thidién tich S ciiamién D: S = [[ dxdy
D

3.3.2. Tinh chat
Tinh chat tich phan bdi 2 ¢6 nhitng tinh chat twong ty nhu tich phan xac dinh
sau day, vdi gia thiét rang cac tich phan trong cac tinh chat trén déu ton tai.

1) [J1f 0 y)+ glx y)lxdy = [ £ (x, y)dxdy+ [[ g(x, y)dxdy

i) [[kf(x,y)dxdy =k [ f(x y)dxdy, k 1 hang sb.
D D ,

iii) Néu mién D chia thanh 2 mién "

D,,D, (D, "D, =¢) thi D

g f(x, y)dxdy = J.;‘! f(x, y)dxdy + g f(x, y)dxdy D, 5

-y

iv) Néu f(x,y)<g(x y) ¥(x,y)eD thi ” f(x, y)dxdys”g(x, y Jdxdy
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3.3.3.

a) Mién D 12 hinh chir nhat D=|a, b]
Néu f(x,y) lién tuc trén D = [a b C

<[
d] th
foydxdy !@ xydx]y i@fxydy] O- a

D

Cac céch tinh tich bgi 2 .

d] qh--

\

Vi du 3.23. Tinh céc tich phan
a) I = H (2x + y)dxdy, D=[0,1]x[1,2]
D

2 1
Vi z=2x+y lién tuc trén D, nén: | = I_[(Zx +y)dxdy = jdyj(Zx +y)x
1 0

D
Nhung jl.(Zx +y)x = (x2 + xy‘tJ =1+y
0

2

2 2
Do do: I=I(1+y)dy= y+y?

1

2

1

b) szydxdy, D =[04]x[01]

Vi z =x?y lién tuc trén D, nén: _szydxdy:_[(.lf yde
0

1 1

3

Nhung [x?yax=y*| =¥ Dode: 1= [Yay=Y | -2
ey =Y poasr 1Yy 2
) |_” Xy b _polxL2]
(x+y)*
Vi z:;2 lién tuc trén D, nén:
(x+y)
dxdy 2(2 dy J
| = = dx
ID(X+.\/)2 H(Hy)z
S dy 1 1 1
h _|_
Nhung -1[(x+y)2 [ +| 14X x+2
Do do: | = | (———j (Injx+11— Injx+2], =2l 3-3h2= no
X+1 x+2 8
Chay. Néu f(x,y)=f,(x)f,(y), ta co: H (x, y ixdy = J' I (y)dy

b) Véi D la hinh thang cong
e Gid st D={(x,y):a<x<b,y,(xX)<y<y,(x), y, va y, 1a hai ham lién tyc trén
[a,b]. Néu f(x,y) lién tuc trén D thi ta co:
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b

Y2 (X)

y= yz(X)

I :j f(x, y)dxdyzj‘[ _[f(x, y)dy}dx

D

y= yl(x)

i b X

e Gid st D={(x,y):c<y<d,x(y)<x<x(y)}, x va x, 1a hai ham lién tyc trén
[c,d].Néu f(x,y) lién tuc trén D thi ta c6:

VA

| = ” f(x, y)dxdy = T(ijy} (x, Y)dxjdy d

¢\ xa(y)

0 X

Véi D 1a mién bat ky ta ding cic duong song song voi cac truc toa do chia
D thanh céc mién trén.

Vidu 3.24.

2
a) Tinh I = H X—dedy, trong d6 D 12 mién gidi han boi cac dudng
y
D

Taco D={1§x§2,%§ySX} Do do
2 x 2 2 X4 2 1X 2 2 2 42
| :!dxi%dyzixdeIF_!xzdx —yi !xz(—;+xjdx!(—x+x3)ix[_x_+le

b) Tinh I = ” xydxdy, trong d6 D 1a mién giéi han béi cac dudng
D
y=x-4; y*=2x
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2
Ta co: D:{—23y34,y?3x3y+4} hoac D=D, UD,

voi D, =<x<2-v2x<y<y2x) D,={<x<8 x-4<y<2x]
Trong trudng hop ndy ta nén lay tich phan theo bién x trudc va theo bién vy

Sau:

y+4 4

4 4 A 5 A
dy== [y y*+8y+16- L [y -2 Y, 8 g2 Y
y? 2°, 4

4 y+4 4 X2
I=Idijydx:jy.? =90
-2y -2

-2

2l 4 7 3 24

2 2
c) . Pdi bién trong tich phin kép.

Khi tinh tich phan cta nhitng ham z = f(x,y) trén mién D phuc tap trong hé
toa o Oxy, tim bién d6i x=x(u,v), y = y(u,v) dé dua mién D vé& mién D’ trong h¢ toa
d6 Ouv don gian hon ( chang han dwa D vé mién hinh chit nhat don gian D).
it x=x(u,v)

y=y(uv)
Khi do: | :I f(x, y)dxdyzﬂ f(x(u,v), y(u,v)}J|@uv, trong do dinh thic Jacobi
D D’

! XI 1

u \

Yo Yy

X
J = = P ,
X uy
' ’
X Vy

Vidu3.25. Tinh | = j j (x+ y)dxdy, D14 mién gi6i han béi cac duong
D

u

\Y

X+y=0,X+y=3-2x+y=-1-2x+y=1

AY
A y
3
1
1
0] D O
N 2
T/ N5 3 ~

Pat u=x+y,v=-2x+y.

Tacé: D'={0<u<3 -1<v<ljva J= 11 :%
5
Suy ra: I:Hlududv:ljuduj’dv:l£3v|1 =3
yra )3 3)u) 371 Yk

0

Nhdén xét. Néu giai vi du trén bang cach chia mién D thanh cac mién nho rdi 4p dung
tinh chat (iii) cua tich phan bdi 2 thi s€ phtrc tap hon nhiéu so v&i phuong phap doi
bién.
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Mot trong cac phép ddi bién hay duogc str dung la dung trong hé toa do cuc.
bat x=rcose, y=rsing

D:{(r,e):golsqoﬁ%,r1(€0)3r3r2(§0)} Y]

cosep —rsing

Pinh thirc Jacobi J =|
sing  rcose

Viéc sir dung toa do cuc kha thuan tién khi mién l4y tich phan 13 hinh tron,
quat tron hodc hinh elip va khi biéu thirc dudi dau tich phan chira x* + y?

, . dxdy C A A . N .3
Vi du 3.26. Tinh 1 :_U— Dla mdt phan tu hinh tron don vi nam
b 1+ x> +y?
trong goc phan tu thir nhat. v A

Chuyén sang toa do cuc, mién D = {0 <r<1,0<¢p< %} 1

N

drdp ¢ rd 2 1oz
[ oo el o -5 (-

1+r

« Y

0 d

Vidyu3.27. Tinh I = j j VX2 +y%dxdy, D 12 mién xéac dinh boi:
D

X*+y>—2x>0, x> +y*—4x<0
Puong tron x% + y2 —2x =0 chuyén
sang toa do cuc c6 phuong trinh
r’cos’¢+r’sing—2rcosgp=0

& =2c0S¢ 2
Puong tron x? + y? — 4x = 0 chuyén sang toa

Sgpﬁ%

do cuc ¢ phuong trinh
r’cos’ ¢+r?sin*¢—4rcosg=0
&r=4c0s¢
Vay mién D trong hé toa do cuc:

IA
S

AT
2 2

D={ZCOS(0S r <4coso, —%S(/)S%}

Do do:
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T
2 4cosg 3 |4cose

I :”r.r.drd(p: idgo Irzdr = j.d¢(%
D V4

3 3
(64(:05 ¢ 8cos (p]d(p

_7T  2cosp _z 2cosp  _% 3 3
2 2 2
56| 3. . . 56( . sin’el2 224
=—| [{L=sin*p)d(sin @) |=—|sin - =
2 I( P g) | =~ ( e
= -z
3.3.4.Ung dung ciia tich phan bgi y
a) Dién tich hinh phing
Dién tich S cua hinh phang D la: S :”dxdy . T3
, D ]'=ET'|'2 !
Vi du 3.28. Tinh dién tich hinh phang D gi&i1 han bo
y:XZ—ZX,y:2—x,y:gx+2 i
Taco: S= '[ I dxdy = .”' dxdy + ” dxdy - J'=i W
D D, D, - !
=2~ :
0 2-x 4 Jx2 . 2 i
:Idxjdy+jdxjdy D, D |
-1 x2-2x 0 x2-2x |
0

J

-1

. 10 4 x
(2+x—x2)dx+f[zx+2—x2jdx 1 -/ !
o\ 2
2 3 0 3 4
ox+ XX i oxa Lo X
2 3, 4" 3
b) Thé tich khoi tru

Cho hinh try V c6 cac duong sinh song song v6i Oz, hai day gidi han boi cac
mat z=0,z=f(x,y) voi f(x,y)>0 va lién tuc V(x, y)e D. Khi do6 thé tich khoi tru

la: Vv = j j f (x, y)dxdy

Vi du 3.29. Tinh thé tich V gidi han boi phan hinh tru x2 +y? =1 va hai mat
phing x+y+z-2=0, z=0
Ta co0:
\Y =H f (X, y)dxdy=ﬂ(2—x—y)dxdy
D D

trong @6 D 1a hinh tron x? + y2 =1 ndm trong mat
phiang Oxy .

0

Chuyén sang toa d6 cyc mién D = {0<r<1 0<p<2z}

2r 1 -
Suy ra: V=jdqojr(2—rc03(p—rsin(p)dr D 0%
o 0 - z=0
2 3 3 1 27 . . $1 2z
r ré . cose sing singp  cosg
= || r*——cos¢p—-—sin do=||1-—-"—L dp=|lp-——F+—2| =2r
!{ 3773 (plgp!( 3 3j(p((p 3 3}0

Bai tap.
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Cau 1. Dung phuong phap d6i bién tinh céc tich phan sau:
1) _[ X+/2 —5xdx 6).[ o

xIn x. In(lnx)

dx
2)])(\/1+7 7)jgx .

dx sin® x
3 8
)J.\/eX -1 )I\/cosx
4) J.XEXZdX 9) I 21In xdx
5) J. sin® xdx
Cau 2. Dung phuong phap tich phan timg phan tinh céc tich phan sau:
1)jarctan Jxdx 7) Isin (Inx)dx
Z)J‘(Inx)2 dx S)Ilnx
X XCOSX
3 d 9)
)J.coszx X Ism X
4)Ixshxdx 10)jxlnlJr—de
X
5) I xe>dx 11) j e** cos xdx
6) '[xln 5xdx 12)Ixarctan xdx
Céu 3. Tinh tich phan céc phan thirc hiru ti
xdx 2x+5
D)—— 3)| ———d
) (x2+2x+2)2 )JX2+3X—1O X
3x* +2x+1 x* -1
2) dx
j (x+1)"(x +1) )I4X3—X

Cau 4. Tinh céc tich phan sau bang phuong phap doi bién:

In2

2) J Je* —1dx

2
4)Ix\/4—x2dx
0

) XX —
Cau 5. Tinh cac tich phan sau bang phuong phép tich phan ting phan

j- sin 2x
< 1+2cos? x

l)jcos(lnx)dx 3) [|In x|dx
1 1
%xsmx [ xdx

2 d 4
)J;coszx ” );[sinzx

Cau 6. Tinh cac tich phan suy rong sau:
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1) T xe ™ 7) T o

0 0 (x+1)2
Tl 2 T xdx
2) + ax 8)
![le (x+1)2J 4'[5(x2+1)3
T dx .
3)7wm 9).([6 sin xdx
© o odx © dx
4) 10) | —
! 1— x? L/x(l—x)
2 1
5)J' ox 11)len xdx
03 (X—l)2 0
. dx tIn®x
6)| ———— 12 d
)!(Z—X)\/l—x )'([ X X

Céau 7. Tinh céc tich phan sau:

2 Inx

nl =Idxj 6xe’dy
1 0
1 y?
2) 1 :_fdy_[3y3.exydx
6] 0
1 2x
31 :jdxj3(x+ y)dy
0 0
4) 1 :'U%dxdy, trong d6 D gi6i han boi y=x%, y? =x
D

5) | = Hszydxdytrong fiol D lag tam giauc voui cauc fizznh O(0, 0); A(1, 0);
D

B(1, 1).
6) I :jf(sinx+2003 y)dxdy, trong d6 D la hinh chit nhat 0<x<
D

T

0<y<
g oSS

7)1 = [[ xy*dxdy, trong d6 D 1 hinh chit nhat 0<x<%0<y<2
8)I = ﬂ xydxdy , trong d6 D 1a hinh chir nhat 0<x<1,0<y<?2
91 = .[Dj.e“ydxdy, trong d6 D 1a hinh chir nhat 0<x<L0<y<1
10)1 :Dﬂ(x2 +y?)dxdy, trong d6 D Ia hinh tron x* +y* <1

D
1)1 = ﬂ \/mdxdy, trong d6 D 1a hinh vanh khan 1< x* +y* <4
12) | :I}j xydxdy, trong d6 D gidi han boi y = x—4,y* =2x
13) | = JD] (3x+2y)dxdy, trong d6 D gi61 han boi

D

X+3y=1,x+3y=2,2x-3y=0,2x-3y =1



14) 1 :”dxdy Voi D={x2+y2 sl,ysﬁx,yzo}
D

15) | =J'J'2x2ydxdytrong fiol D lag tam giauc voui cauc fnaenh O(0, 0); A(1, 0);
D

B(1, 1).

16) | =J§(—%)dxdytrong Aou D lag miean gidui hain boli cauc A66@Nng

y=x’vagy=—x2—2x.
17) 1 :” (x—3y)2dxdy trong do D la mién gi61 han boi :
D

X+y =4, x+y=2 x-3y=0, X-3y =3

18) | :”«/x%yzdxdy Vol D={x2+y2£4,x20,y20}
D

19) I:HIan2+y2dxdy Voi D={x*+y*<1,y>0
D

1 .
20) | :gmdxdy Voi D={x*+y* <9}

2 2

21 | :.dedy Vo1 D:{%+y731,x20}
D

Cau 8. Noaithéu toi tinh tich phaan

||
I—\'—.l\)

:[ f(x,y)dy.

X

I xI f(x, y)dy.

c.1-fd yjf(x y)dx.

Chwong 4. LY THUYET CHUOI
4.1. Dai cwong vé chuoi so
4.1.1.Pinh nghia. Cho day s6 u,,u,,...,u

nitee

Bicu thirc u, +U, +...+U, +... dugc goi la chudi s6 va duoc ky hiéu 1a >u, .
n=1

Uy, Uy ,.., U ... dugc goi 14 cac s6 hang ciia chudi, u, véi n tong quat goi 1a s6 hang tong
quat.

Tong S, =u, +u, +...+u, duogc goi la tong riéng thir n ctia chuoi.

Néu S, dan téi mot gidi han hiru han S khi n — oo, ta néi rang chudi sb
> u, hoi tu va c6 tong bang S. Néu S, khong dan téi mot giéi han hitu han khi
n=1
n — oo, ta n6i rang chudi phan ky.
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Vidy 4.1 Xét chudisé > —

Ta co:
11 1 1 1) (1 1) (1 1 1 1 1
S, =—+—+—+..+ =l1-—|+|-—=|+| ==+t ———|=1-—
2 23 34 n(n+1) 2) (2 3) (3 4 n n+l n+1

LimS, = Lim[l— LJ =1
n—oo n+1

n—o0

Vay chudi hoi tu va S =1.

Vidu 4.2. Xét chudi Zq” . Do 1a mot cép s6 nhan vo han ¢6 cong bdi q.

n=1

Véi gz1: s, =31
g-1
Néu o <1 thi |g"| —> 0 khi n—o00, do d6 LimS, :%.ny chudi sb hoi tu va
Nn—o0 _q
L LR 1
cotong S =——-.
1-q
Néu || >1 thi [g"| — o khi n— o0, do d6 LimS, =oo. Vay chudi sb phéan ky.

nN—o0

Néu q=1thi S, =n, do dé LimS, =co. Vay chudi s phan ky.

Vay chudi s6 > °q" hoity néu lo| <1, phéan ky néu o >1.
n=1
4.1.2. Piéu kién cin dé chudi hoi tu.

Dinh lp. Néu chudi s6 Y u, héi tu thi Limu, =0.

n—o
n=1

Tu dinh 1y trén suy ra rang néu u, khong dan t&i khong khi n —> oo thi chudi s6
2

> u, phan ky, ching han chudi so 222 3 phan ky vi sb hang tong quat
n-1 1 cn +
2
u, :2——>1¢0 khi n — o0.
2n“+3 2

biéu kién Limu, =0 chi la diéu kién can, chir khong phai 1a di€u kién du dé
nN—o0
chudi > u, hoi tu.

n=1

Vi du 4.3. Xét chudi didu hoa Z%

n=1
Sb hang tong quat u, = % — 0 khi n—>o0. Nhung chudi sé phan ky. That vay,

ta co:
1 1 1 1 1 1 n 1
:_+—+"'+_>_+_+"'+_:_:E

S
2 " n+l n+2 2n" 2n  2n 2n  2n

-S

n

Néu chudi s6 hoi tu thi S, va S, cung dan tdi mot gii han khi n—> oo, tirc 1a
. s N X . 1
Lim(S,, —S, )= 0. Diéu nay mau thuan véi S,, - S, > >

n—oo
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4.1.3.Mt s6 tinh chit don gian ciia chudi so hdi tu.

i) Néu chudi s6 Y u, hoi tu thi chudi Y ku, ( k 1a hing s6 ) hoi tu va:

n=1 n=1

i) Néu cac chudiso > u, , Z u_ hoi tu thi chudi Zu +v. hoi tu va:
n=1 n=1

0 o0

S U9, = DU, S,

1
iii) Tinh chat h01 tu hay phan ky cua chudi s6 khong thay d6i khi ta thém,bét

~

vao chuoi so mot s6 hitu han céc sé hang.
4.2.Chudi s6 dwong

Chudi Y u, v6i u, 20, Vn dugc goi la chudi so duong.
n=1

4.2.1. Cac dinh ly so sanh.
Dinh Iy 1. Cho hai chudi s6 dwong > u, va v, . Gid st u, <v,,vn>n,eN .

n=1 n=1

Khi d6 néu chuoi s0 Y v, hoi ty thi chuoéi so D u, hoi ty; néu chuodi so Y_u, phan ki
n-1 - -

thi chudi sé > v, phanKki.

n=1

, . £ w1 - \ , 1 1
Vi du 4.4. Chuoi so Z hoi tu, vi ta co <—,vn>1 va chudi sd

~n2" n2" 2"’
Z(lj ho ty.
2

n=1

Binh Iy 2. Cho hai chudi s6 duong Z u, va Zvn . Néu ton tai gi6i han hiru han

Lim —k >0 thi hai chudi s6 4y dong thoi hoi tu hay phan ki

n—owo \/
n

Vi du 4.5. Xét su hoi tu cua chudi Zn;—n+5
n

n2+n+5

Chonu,=—,v, = o

Ta co: LimYn — 1. Va do chudi Z(?J hoi nén suy ra chudi Znt—njs hoi tu.
oo\ ) —~ n

4.2.2. Cac quy tac khao sat tinh hoi tu ctia chudi so

Quy tdc D’Alembert. Cho chudi s0 duong > u, . Néu Lim J*l k thi chudi s6
=1 n—oo n
héi tu khi k <1, phén ki khi k >1.
Quy tic Cauchy. Cho chudi sé duong Zu Néu le\/_ k thi chudi s6 hoi

n—o

tu khi k <1, phén ki khi k >1.
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Quy tic so sanh voi tich phan. Gia st ham s f(x) lién tuc, dwong, giam trén
khoang [1,+e0) va dén t6i 0 khi x — +e0. Khi d6 tich phan suy rong I f (x)dx va chudi
1

s6 Zun , trong d6 u, = f(n), cung hoi tu hoac cung phén ki.
n=1
Vi du 4.6. Xét su hoi tu cta cac chudi s sau:
> Nl
a) >
n1 N

I " n
Taco: nt = (n+12+'1.n—=(L]
U, (n+1)"'nl \n+l

. u 1 R x. Nl
Do Lim—% == <1 nén suy ra chuoi Z—n hoi tu.
e n

n—oo un P}

b) il(u%j

2

Do Limg/u, =e>1 nén suy ra chudi Z[1+ lj phan ki.
n=1 n

n—o

c) Zia, o 1a mot hang sb.
=n
, Xe LA £ oar . rdx . . rdx L. .
Ta so sanh chuoi trén véi tich phan I—a . Do tich phan J.—a hoi tu khi a>1,
1 X 1 X

phan Ki khi o <1 nén chudi Zni héi tu khi &>1, phan ki khi o <1.
n=1

4.3.Chudi c6 sb6 hang véi dau bat Ki.
4.3.1. Hi tu tuyét doi va ban hi tu

Xét chudi Y u, voi cac s6 hang u, co dau bat ki.

n=1
Dinh Iy. Néu chudi > |u,| hoi tu thi chudi Y u, ciing hoi tu. Didu ngugc lai khong
n=1 n=1
dang.
Dinh nghia. Chudi s6 Y u, duogc goi la hdi tu tuyét doi néu Y. |u,| hoi tu, 1a ban héi tu

n=1 n=1

néu 3 u, nhung 3 |u,| phan ki
n=1 n=1

, , x. & sinn
Vidy 4.7. Xét chudi Y ~—-.
n=1
~lsinnf 1 . x w1 n n x. =(sinn n ,
Vi |=—|<= vavi chu6éi ) = hdi tu, nén chuoi ) [=5-| hoi tu. Do do6
n n n:]_n =1

chudi dang xét hdi tu tuyét doi.
4.3.2. Chuoi so dan dau
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Chudi c6 dang Z(—l)n u,, (u, >0) duoc goi la chudi dan dAu.
n=1
Pinh 1y Leibniz. Néu day sb duong u,,u,,...,U,,...gldm va dan t6i 0 khi n— o0

thi chudi s6 dan du 3" (~1)"u, hoi tu.
n=1
Vi dy 4.8. Xét chudi 3 (1)

n=1

3||—\

. No6 thoa man cac diéu kién cua dinh 1y

Leibniz, nén né hoi tu. Nhung chudi Z = phan ki. Vay chudi dang xét ban hoi tu.
n

n=1
4.4. Chudi ham sb
Mo rong khai niém chuoi so, ta xét chuoi ham:
Cho u,(x),u,(x),...,u,(x),... 1a ddy cac ham so cung xac dinh trén X <R . Xét
téng vO han U (X)+U,(X)+..+U (X)+... dugc goi 1a chudi ham sb, va ky hiéu la

>u,(x). Goi S, (X)=U,(X)+U,(X)+...+U,(x) 1d tong riéng thtt n cua chudi ham s
n=1

Zun(x) . Gid1 han S cua day céc tong riéng dugc goi la tong cua chuoi ham so.
n=1
Xét su hoi tu cua chudi ham ta quy vé xét su hoi tu ciia chudi so, cir moi X, € X

g véi chudi sb Zun (%,), va ta xét su hoi tu ctia chudi sb do.
n=1
4.4.1. Chubi liiy thira. Ban kinh héi tu
Ta goi chudi liy thtra 1a chu6i ham s6 ¢6 dang

S n_ 2 n
D a X" =a, +ax+ax +..+ax" +..
n=0

Pinh Iy Abel. Néu chudi Ity thira > a,x" hoi tu tai x=x, =0 thi né hoi ty tuyét
n=0
ddi tai moi x vai X <[%] -
Hé qua. . Néu chudi lity thira Zw:anxn phan ki tai x=x #0 thi n6 phan ki tai
n=0
moi x thoa mén |X| > x| .

RO rang chudi lily thira Zanx” luén hoi tu tai x=0. Tu dinh Iy Abel, suy ra

réng tdn tai mot sd R (0<R <o) sao cho chudi Ity thtra hoi tu tuyét dbi trong khoang
(—-R,R) va phan ki trong cac khoang (—oo,R) va (R,+»). Tai x=R, x=-R chudi liy
thira c6 thé hoi tu hodc phan ki. S6 R d6 duoc goi 1a ban kinh héi tu, khodng (-R,R)
duoc goi 1a khoang hdi ty ctia chudi luy thura.

Mudn tim tap hoi tu cta chudi lily thira, ta tim ban kinh hoi, roi khao sat su hoi

tu cua no tai hai mut.
4.4.2. Quy tac tim ban kinh hgi tu ctia chuoi liiy thira.
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a . Y ; e , X
| ””| = p hoac leg/azp thi ban kinh hdi tu R cua chuoi

N—0o0
2]

Pinh Iy. Néu Lim

liy thira ) a,x" dwoc x4c dinh boi.
n=0

1
— neu 0<p<+owo
o,
R=<0 neu p=+ow
400 neu p=0
. . T x> X X"
Vi du 4.9. Xét chudi liy thira x+?+€+...+—+...
n
p . |a . N Xe an - \
Ta co: lewz Lim— =1, Vay chuoi da cho hdi tu trong khoang (-1,1).

oo |a, | noe N+l

Tai x=1, ta c6 chudi sb 1+%+%+...+£+...=Zl phan Ki.
n

n n=1
. , x. 1 1 1 = nl o, x. £ ,
Tai x=-1, ta c6 chudi so —1+§—§+Z+...:Z(—1) =~ 1a chuoi dan dau thoa
n=1 n

man céac diéu kién cua dinh 1y Leibniz, n6 hoi tu.
Vay tap hoi tu cia chuoi Iy thira da cho la —1<x<1.
4.4.3. Tinh chat cua chuoi liiy thira.
1) Téng cua chubi Ity thtra Zanxn 12 mot ham sd lién tuc trong khoang hoi tu
n=0
cua no.

ii) C6 thé lay tich phan timg sb hang chudi lily thira > a,x" trén moi doan [a,b]
n=0
nam trong khodng hoi tu ctia no:

T(ianx“ X = ijlanx“dx

a \n=0 n=0a

iif) Co thé I4y dao ham timg s6 hang chudi Iy thira 3 a X" tai moi diém nim
trong khodng hoi tu ctia no: "

(ianx”] =a, +2a,X+3a,X> +..+na X" +...

n=0

Bai tap. v o
Cau 1. St dung dinh nghia khao sat sy hdi tu va tinh tong S cta cac chuoi so
Sau:
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)an—l 4)2 2 4

o . 2n+1
2 A - -
)nZ:;‘ 2n n=1 nz(n +1)2

S 1 S 2n
3)n§_;n(n+5 S)Z;In 2

Cau 2. Khao sat sy hdi tu cua cac chuoi so sau:

~—

o0 n 2n1
1)%‘@ 6); S

0 2n—l © 4nn
Z)nz_;‘(n—l)! 7); n"

D) o3 ()

Cau 3. Tim mién hoi tu cta cac chudi Ity thura sau:

o0 o0 X
1 Ix" 4
)én " )g‘nA”
n+2 o (X+2)2n+l
2 +3 5 —
)nZ:;‘ n’ (X ) )HZ:;‘ 2n+1

)Z(Znntrllj ) )Z(nﬂj

Chuong 5. PHUONG TRINH VI PHAN ‘ 7
Khi nghién ctru sy phu thudc 1an nhau giita cac dai lugng, nhiéu khi khong thé

thiét 1ap mdt cach truc tiép quy luat phu thuoc ham 6, ma c6 thé dé dang thiét lap mbi
lién h¢ gitra cac dai luong c6 quan h¢ ham s6 va cac dao ham hodc vi phan cia ham $b
biéu dién sy phu thudc mot dai luong vao céac dai lugng khac. Chéng han, ta xét vi du
Sau:
Cho mét vat c6 khdi luong m roi ty do trong khong khi. Gia st strc can cua
khong khi ti 1& v6i van tdc roi 1a v(t) vao thoi diém t voihé sd ti 18 1a k> 0. Tim v(t).
Khi vat roi thi lyc tdc dung 1én vat gém c6: Luc hat trai dat mg va luc can
khong khi kv(t) .
Theo dinh luat Newton: F =ma, trong d6 F 1a hop luc tac dong 1én vat va a la gia

) R g . A dv. . .
toc chuyén dong. Do gia toc a= i nén ta c6 phuong trinh:
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dv
m—=mg-kv (*
5 =9 (*)

Viy van tdc v cta vat roi tu do thoa mén phuong trinh (*) vé1 su xuét hién cua dao
ham cua v. Nhitng phuong trinh nhu vay ta sé goi l1a phuong trinh vi phan.
5.1. Cac khai niém co ban

Phuong trinh vi phdn 1a mdt phuong trinh chira bién doc lap, ham phai tim va
cac dao ham hodc vi phan cua no.

Phuong trinh vi phan v&i ham sé phai tim 1a ham s6 mot bién sé duge goi 1a
phwong trinh vi phdn thuong.

Phuong trinh vi phan véi ham s phai tim 1a ham s6 nhiéu bién s6 duoc goi la
phuwong trinh dao ham riéng.

Cdp cta phuong trinh vi phan 1a cdp cao nhat cua dao ham hodc vi phan cua
ham phai tim c¢6 mit trong phwong trinh d6, chang han y’ + xy? —2y =sin x 13 phuwong
trinh vi phan cp 1, y"—3y' =0 13 phuong trinh vi phan cap 2.

Trong chuong nay chung ta chi dé cap dén phuong trinh vi phan thuong.

Phuong trinh vi phan thuong cp n c6 dang tong quat nhu sau:

F(x, VY Y e y(”)): 0

Phuong trinh vi phan dugc goi 1a tuyén tinh néu F 13 bac nhat doi voi
Y,V y".....y™. Dang tong quat cia phuong trinh vi phan tuyén tinh cip n 1a

y® +a,(x)y" Y +..+a,(X)y =b(x), trong d6 a,(x),a,(x),..,a,(x),b(x) 1a nhing
ham sé cho trude.

Nghiém clia phwong trinh vi phan 1a moi ham s6 thoa man phuong trinh 4y, tirc
12 moi ham sd sao cho khi thé n6 vao phuong trinh ta dugc mot dong nhat thirc. Chang
han, cac ham sd y =sin x+C, trong d6 C 1a cac hang sb tly ¥, 1a nghiém cia phuong
trinh y’ = cosx.

Giai mot phuong trinh vi phéan 1a tim tit ca cac nghiém ciia n6. V& mat hinh hoc
mdi nghiém ctia phuong trinh vi phan xac dinh mot dudng goi 1a duong tich phdn cia
phuong trinh. Giai mot phuong trinh vi phan 1 tim tat ca cac duong tich phan.

5.2. Phwong trinh vi phan cap 1.
5.2.1. Khai quat chung vé phwong trinh vi phin cip mét.

e Dang tong quét cia phuong trinh vi phan cap mot 1a
(5.1)  F(xyy)=0

Néu giai duoc phuong trinh 4y ddi v6i y’, phuong trinh s& ¢ dang
(52)  y=flxy)

Bai toan tim nghiém cuia phwong trinh (5.2) théa man diéu kién
y =Yy, khi x=x, trong d6 x,,y, la cic s6 thuc cho truéc duge goi la bai toan Cauchy.

Diéu kién y =y, khi x=x, duoc goi 1a diéu kién ban dau.

Ham s y = ¢(x,C) duoc goi la nghiém tong qudt cua phuong trinh vi phan néu
khi gan cho C mot s6 bat ky mot sb thuc ta duge mot nghiém cia phwong trinh do.

Doi khi ta khong tim dugc nghiém tong quéat ctia phuong trinh (5.2) dudi dang
tuong minh y = @(x,C), ma tim dugec mot hé thic c6 dang ¢(x,y,C)=0, né xac dinh
nghiém téng quat dudi dang an. Hé thuc iy dwoc goi 1 tich phdn tong qudt cua
phuong trinh (5.2).

Nghiém riéng cua phuong trinh (5.2) 12 moi ham s6 y = @(x,C,)ma ta dugc
bang cich cho C trong nghiém tong quat mot gia tri xac dinh C,. Hé thuc
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#(x,y,C,)=0 ma ta duoc bang cach cho C trong tich phan tong quat ldy gia tri C,
duoc goi la tich phan riéng. , ‘ 7
Phuong trinh (5.2) c6 thé c6 mot s6 nghiém khong nam trong ho nghiém tong
quat, nhirg nghiém ay duoc goi la nghiém ki di.
5.2.2. Phuwong trinh véi bien so phan li.
La phuong trinh c6 dang
(5.3) f(x)dx+g(y)dy=0
Lay tich phan hai vé, ta dugc
[ f(x)dx+[a(yly =C
hay F(x)+G(y)=C, trong d6 F(x) 1a mdt nguyén ham ctia f(x), G(y) 1a mot nguyén
ham cua g(y).
Vi du 5.1. Giai phuong trinh (1+ x)ydx + (1— y)xdy =0
Néu x =0, y # 0,chia hai vé cua phuong trinh cho xy, ta duogc:

(1 +1jdx + [i —1jdy =0
X y
Ko or A . X 1 1
Lay tich phan hai vé: I(— + ljdx + I(— —1]dy =C
X y
Nghiém tong quét cua phuong trinh: In|x/+x+In|y|—y=C
D@ thiy x =0,y =0 ciing thoa man phuong trinh, chung la nghiém ki di.

Vi du 5.2. Tim nghiém riéng ctia phuong trinh W1 e¥ =0 thoa min didu kién
X

y()=0.

Thay y'= % , phuong trinh tr¢ thanh
ydy +e’ =0
xdx

< ydy +xeddx =0

< ye'dy+ xdx=0
2

A s ~ . X A 2 , _ _ X
Lay tich phan hai vé, ta dugc nghiém tong quat: —ye” —e™” + > = C

Theo diéu kién ban dau thi y =0 khi x =1, do d6; —1+%=C < C =—%

Vay nghiém riéng cta phuong trinh thoa man diéu kién dau y(1)=0 la
x> 1
—yeV -V —=-=
y 2 2

5.2.3. Phuwong trinh thuin nhat
La phuong trinh c6 dang

(5.4) y' = f(lj
X
bit y =ux, trong d6 u 1a mot ham sb cua X, suy ra:

y'=u+xu'= f(u) hay xg—u= f(u)—u
X
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Do d6, néu f(u)—u =0 thi phuong trinh (5.4) dua vé phuong trinh véi bién sb

A ps OX du
phanli — =
x f(u)-u

Vi du 5.3. Giai phuong trinh ¥ =Y 4 tan Y
dx x X

bit y=ux < ay _ Xd_u +u. Thay vao phuong trinh, ta duogc:

dx dx

du
X—+U=U+tanu
dx

du
< X—=tanu
dx

< xdu = tan udx

d—u:%(tanu;to)
tanu X

Tich phan hai vé, ta duoc
Injsin u| = In|x+In|C| hay sinu=Cx

Viy nghiém tong quat ctia phuong trinh 13 sin % =Cx
X +y°

Viduy 5.4. Giai phuong trinh y' =
2Xy

2
1+(yj
_\X)

0¥
X

Taco: y' =

1+u?
2u

bat y =ux, suy ra xd—u+u=
dx

xdu 1-u?
&S — =
dx 2u
1-u?
2u
2udu  dx
= _1+7:0 (u==+1)
Lay tich phan hai vé, ta dugc
Inju® -1+ In|x = In[C]

e u-1k=cC

dx

< Xdu=

2

Do d6 nghiém tong quat ctia phuong trinh 13 (% —1Jx =C hay y? —x* =Cx

Néu u=+1 < y=+x thay vao phuong trinh, ta c6: +1=+1 nén y==+x la
nghiém ki di.
5.2.4. Phwong trinh tuyén tinh cap mét.

La phuong trinh c6 dang
(5.5) y'+p(x)y=q(x), trong d6 p(x),q(x) 1a nhitng ham s6 lién tuc. Phuong trinh
tuyén tinh duoc goi 1a thuin nhat néu q(x)=0, la khong thudn nhat néu q(x)=0.

67



Dé giai phuong trinh (5.5) ta tinh A(x) = e_I p(x)dx, B(x)= j q(x)ej P(x)ax

Khi d6, phuong trinh (5.5) ¢6 nghiém tér}g quat 1a:
y = A(X)[B(x)+C], v6i C 1a hang s6 tuy .

Vi du 5.5. Giai phuong trinh y' + 2xy = xe™
Ta co:

A(X) _ e—J.Zxdx _ e7X2
2

B(x)= xe’xzejmxdx = [xdx=2

x)=] [xax==
2

Vay nghiém téng quat cua phuong trinh: y =e™ [X? + CJ

Vi du 5.6. Giai phuwong trinh y'— 2y _ 3x*
X
Taco:
_ J.ZTC:X _ a2y _ 2
Alx)=e' * =" =x
f 2dx

B(x)= I3x4e x dx = .|.3x2dx =X
Vay nghiém tong quat cua phuong trinh: y = X2 (x3 + C)

Vi du 5.7. Tim nghiém riéng ciia phuwong trinh y'+ ycotx = x thoa min diéu

kien y| Z|=0 .
o

Ta co:
A(X)= e—jcotxdx _ e_ln\sinx\ _ 1
sin x
t xd . .
B(x)= IerCO “dx = Ixsm XdX = —X C0S X + Sin X

Nghiém tong quat cta phuong trinh: L (—xcosx+sin x+C)=0
sin X

Theo diéu kién ban dau thi y = 0 khi x=%, do dé:
1+C=0<=C=-1

Vay nghiém riéng cua phuong trinh: i(— XCOS X +8in X —1)=0
sin x

5.2.5. Phwong trinh Bernoulli
La phuong trinh c6 dang
(5.6) y'+ p(x)y =q(x)y”, trong d6 p(x),q(x) 1a nhitng ham s lién tuc, @ € R, # 0,#1
(v6i a =0 hoidc a =1, phuong trinh ndy tré thanh phwong trinh tuyén tinh ).
Chia hai vé (5.6) cho y*, ta duoc
yy'+p(x)y™ =q(x)
Pit z=y" = y'=(1—a)y™y'. Phuong trinh dwa vé dang phuong trinh tuyén

tinh cap mot di voi z: 12— +p(x)z = q(x)
(04

Vi du 5.8. Giai phuong trinh y’'—2xy=2x%y* (a =2)
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Chia hai vé ctia phuong trinh (5.9) cho y?,(y = 0) ta duoc:
y2y' —2xy " =2x°
bat z=y ‘=7 =-y?y

Phuong trinh da cho tré thanh: -z’ —2xz = 2x°
2

1
Ce™ +1-x2

Giai phuong trinh tuyén tinh nay ta tim dugc: z=Ce™ +1—x

Tir dy ta suy ra nghiém tong quat cia phuong trinh: y =

y =0 la nghiém ki di cua phuong trinh.
5.2.6. Phwong trinh vi phin toan phin

La phuong c6 dang
(5.7) P(x,y)dx+Q(x,y)dy =0, trong d6 P(x,y).Q(x,y) 1 nhitng ham s lién tuc, c6
dao ham riéng thoa mdn P = Q;. Khi d6 Pdx+Qdy la vi phan toan phan ctia mot ham

s6 u(x,y) nao d6. Ham u(x, y) dugc xac dinh:

(5.8) u(x,y)= _X[P(x, Y, Jdx + TQ(X, y )dy

Xo Yo

X y
hodc u(x,y)= '[P(x, y )X + '[Q(xo, y)dy
Xo Yo
Nghiém tong quat cia phuong trinh: u(x,y)=C (C Ia hang s6 tiy )
Vi du 5.9. Gidi phuong trinh (X + y +1)dx + (x —y?+ 3)dy =0
Taco: P =Q; =1
Vay Pdx+Qdy 1 vi phan toan phan ctia ham sb u(x,y) . Tin u(x,y) theo cong
thtrc (5.8) vé1 x, =y, =0, ta dugc:
X y 2 3
u(x, y):j(x+ y+1)dx+_[(3— yz)dy :X?+ yx+x+3y—y?
0

0
2 3

Nghiém tong quat cua phuong trinh: X? + yX+X+3y— y? =C

5.3. Phuong trinh vi phan cap hai ]
5.3.1. Khai quat chung vé phuong trinh vi phén cap hai

Phuong trinh vi phan cap hai la phuong trinh c6 dang
(5.9) F(x,y.y"y")=0 o

Néu giai dugc phuong trinh ay doi vai y”, nd c6 dang
(5.10) y"=f(xy,y))

Ho ham s6 y=g¢(x,C,,C,) goi la nghiém tong quéat cia phuong trinh vi phan
cap hai (5.10) néu khi gan cho mdi C,,C, mot s6 bat ki ta dwoc nghiém cua phuong
trinh d6. Mdi nghiém nhan duoc tir nghiém téng quat khi gan cho mdi C,,C, mot )
xac dinh dugc goi 1a nghiém riéng ctia phuong trinh. ‘

Bai toan tim nghiém cua phuong trinh (5.10) thoa méan di€u kién

Y=Y, Y =Y, Khi x=x, trong do X,,YV,,Y, la cac so0 thyc cho trudc dugc goi la bai
toan Cauchy. Diéu kién y=y,,y =y, khi x=x, duoc goi 1a diéu kién ban dau.
5.3.2. Phuong trinh Khuyét
a) Phuwong trinh khuyét y, y’
(5.11) y"= f(x).
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Lay tich phan hai ln ta c6 nghiém téng quat: y = I(I f(x)dx)dx +C,x+C, , trong
do C,,C, lacac hang s tuy .

Vi du 5.10. Giai phuong trinh y" =e?
I
Taco: y =je2dx:§e2 +C,

1( > 12
y:ji[ez +C1de:ze2 +C,x+C,

X

Vidu 5.11 Giai phuong trinh y"—— =0
(x2 +4)2
. X
Tk 4y
Ta co:
1
- I(x o 2dkea)

yzj—(zleﬁ)jtclldx:—%arctan§+C1X+C2
b) Phwong trinh khuyét y
(5.12) y"=1(x,y’) ‘ ,
bat p=y’, tacd: p’'=y". Phuong trinh (5.12) duwgc dua vé phuong trinh cap
mot doi véi p.
Vi du 5.12. Giai phuong trinh y” :y?'

biat p=y’, p'=y". Phuong trinh tr¢ thanh:

P dp_p
== hay —=—
Y x y DX
d?p:dxx In|p| =In|x| + In|C,| hay p=C,x
Thay p=y’, tadugc: y'=C,x
2
Tich phan hai vé, ta dugc nghiém tong quat ctia phuong trinh: y = X C,
¢) Phwong trinh khuyét x
(5.13) y"=1(y,y')
< : « n_dp dy dp . .
bat p=y’',taco: y = pd— . Thay vao phuong trinh (5.13), phuong
y OXx y

trinh tr¢ thanh phuong trinh cdp mot ddi vai p.
Vi du 5.13. Giai phuong trinh 2yy" =y’ +1
bat p=y', y'=p (;_p Phuong trinh tré thanh
y

2yp3—p=p2+1
y
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_ dy_ 2pdp
y p°+1
Lay tich phan hai vé, ta duoc:
In|p| = Ing+ p2)+ In|C,| hay y=C1(1+ pz)
5.3.3. Phwong trinh tuyén tinh cip hai véi hé sé hing.

La phuong trinh c6 dang
(5.14) y"+ay +a,y=f(x), trong d6 a,,a, 14 hai hang sd.

Phuong trinh duoc goi 1a thuan nhdt néu (x)=0, |a khéng thudin nhdt néu

f(x)=0.

a) Phuong trinh vi phan tuyén tinh thun nhat
(5.15) y"+ay'+a,y=0

Pinh li. Néu Y, (X), ¥, (X) 1a hai nghiém ddc lap tuyén tinh ( nghia 1a % #

1
const) ctia phuong trinh (5.15) thi nghiém tong quat cua phuong trinh (5.15) 1a
y=C,y,(x)+C,y,(x) , trong d6 C,, C la nhitng héng sO tuy y.

Tu dinh 1i trén cho thay mudn tim nghiém téng quat cua _phuong trinh tuyén
tinh thuan nhat (5.15), ta chi can tim hai nghiém riéng doc lap tuyen tlnh cua no. Ta s€
tim nghiém riéng cta né dudi dang y =", trong d6 k 1a mot hang sé ndo d6 ma ta s&
tim. Pao ham cap 1 va cip 2 ctia ham sb nay la:

y' =ke*, y" =k’
Thé vao phuong trinh (5.15) ta duoc:
e"x(k2 +ak+a,)=0
Vi e =0 nénsuyra
(5.16) k* +ak +a, =0

Viy néu k théa mén phuong trinh (5.16) thi ham sé y =e* 1a mot nghiém cua
phuong trinh (5.15). Phuong trinh (5.16) goi la phuong trinh dac trung cua phuong
trinh vi phan (5.15). D6 1a mot phuong trinh bac hai, n6 c¢6 hai nghiém k,k, thuc hodc
phirc. C6 thé xay ra 3 truong hop:

1) k;,k,1a 2 so thuc khac nhau. Khi d6 phuong trinh (5.15) c6 2 nghiém riéng:
%0
Y,(X)

y =e"* y=e**. Hai nghiém ay doc lap tuyén tinh vi =gl 2 const. Do d6

nghiém téng quat cua phuong trinh (5.15):
y=C,e" +C,e"* , C,,C, la hai hang s6 tuy y.

2) k., k, 1a 2 s6 thyc tring nhau k, =k, =k. Ta c6 1 nghiém riéng y, =e*, ta
tim duoc 1 nghiém riéng y, = xe® ddc 1ap tuyén tinh v6i y,. Do d6 nghiém tong quat
cua phuong trinh (5.15): y = C,e" +C,xe"

3) k,,k, 12 2 s6 phtrc lién hop k, =a+if, k, =a—if.

Hai nghiém riéng ctia phuong trinh (5.15) 13 y, = e = g®e¥
¥, = ele i _ gagoinx

Dung cong thitc Euler: e’ = cos fx +isin fx

e =cos fx —isin px
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Y., Y, la hai nghiém ctia phuong trinh (5.15) thi y, = %(y_1 + y_z): e™ cos SX;

y, = Zi(y_l—y_z): e“sin Ax ciing 1a nghiém cua phuong trinh ay. Hai nghiém 4y doc
i
lap tuyén tinh ( vi yl((X; =cotx #const ). Vay nghiém tong quat cia phuong trinh
Y2 (X

(5.15) la y = e™(C, cos Ax +C, sin /)

Vi du 5.14. Giai phuong trinh y"-5y'+6y =0

Phuong trinh dic trung k®-5k+6=0 ¢O hai nghiém thyc phan biét
k, =2,k, =3.

Do d6 nghiém téng quat ctia phuong trinh la: y = C,e? +C,e**

Vi du 5.16. Giai phuong trinh y"+10y’+25y =0

Phuong trinh ddc trung k? +10k +25=0 c¢6 mot nghiém kép k, =k, =-5.

Nghiém tong quat ctia phuong trinh 1a: y = C,e™ +C,xe™

Vi du 5.17. Giai phuong trinh y"—2y'+10y =0

Phuong trinh dic trung k?-2k+10=0 c¢6 hai nghiém phic lién hop
k., =1£3i.

Nghiém tong quat cia phuong trinh 1a: y = e*(C, cos3x +C, sin 3x).

b) Phwong trinh tuyén tinh khong thuin nhat
(5.17) y"+a,y’ +a,y = f(x)

O trén ta da tim duogc nghiem tong quat cua phuong trinh thuan nhét tuong Gng
(5.15) . Vay dé tim nghiém téng quat cua phuong trinh (5.17) ta 4p dung phuong phap
bién thién hing sb sau day:

Gia sir nghiém tong quat ciia phuong trinh tuyen tinh thuan nhat twong tng
(5.15) 1a y=C,y,(X)+C,Y,(X), trong d6 C,,C, 1a hai hang sb tuy y. Khi d6 nghiém

tong quat cta phuong trinh khéng thuin nhit (5.17) dugc tim dudi dang
y=C,(X)y,(X) +C,(X)Y,(X), trong d6 C,(x),C,(x) la hai ham s6 thoa man h¢:
{Cl')ﬁ +C,y, =0
Cryr +Coyz = F(X)
Vi du 5.18. Giai phuong trinh y"+4y'+4y =e > In x
Phuong trinh thuan nhat tuong tng: y”+ 4y’ +4y =0.
Phuong trinh ddc trung: k* +4k+4=0 ok =—-2
Nghiém téng quat ctia phuong trinh thuan nhat 1a: y=Ce
C,,C, lahai hang sb tuy ¥.
Nghiém téng quat cia phuong trinh  khong  thuin  nhét:
y =C,(x)e ™ +C,(x)xe>, véi C,(x),C,(x) 12 hai ham s6 thoa man hé:
Cle”+Cixe™ =0
{— 2Cle™ +Cle ™ —2C)xe* = In x

P Cxe ™, vbi

C/+C)x=0
-2C/+C;-2xC, =Inx
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C/=—-xInx
<:> ’
C,=Inx
2 2
X X
C,=——hx+—+K,
< 2 2
C, =xIhx-x+K,

Viay nghiém tong quat cua phuong trinh  dd cho la:
2 2
y =[—X?In x+X7+ Kljﬁ\‘2X +(xIn x—x+K, )xe

C) Vai dang dac biét - phwong phap hé ) bat dinh
Dbi voi mot sb dang dic biét cua Ve phai f(x), co thé tim dugc mot nghlem

riéng cua phuong trinh (5.17) ma khong cAn mot phép tinh tich phén nao. Chi can
cong nghiém riéng ay vao nghiém tong quat ciia phuong trinh thuan nhat twong ung
(5.15) ta s& dugc nghiém tong quat ctia phuong trinh khong thuan nhat (5.17). Ta sé&
tim nghi¢ém riéng cua (5.17) trong 2 truong hop sau: ‘ ,
Truong hop 1. f(x)=e™P,(x), trong d6 P, (x) la mdt da thurc bac n, « 1a hang so.

e Néu « khong phai la nghiém ctia phuong trinh dic trung cua (5.15), ta tim mot
nghiém riéng cua (5.17) c6 dang Y =e”Q, (x), trong d6 Q, (x) la mot da thirc bac n.

e Néu o la mot nghiém don cia phuong trinh dic trung cia (5.15), ta tim mot
nghiém riéng cua (5.17) c6 dang Y =e™xQ, (x), trong d6 Q,(x) 1la mdt da thirc bac n.

e Néu « la nghiém kép cua phuong trinh dic trung ciia (5.15), ta tim mot
nghiém riéng cta (5.17) c6 dang Y =e“x*Q, (), trong d6 Q,(x) 1a mot da thirc bac n.
Truong hop 2. f(x) =e™(P,(x)cos fx+Q,, (x)sin pX), trong do P,(x), Q, (X) 1a nhiing
da thuc bac nm, «,/f lacac hé“mg $0.

e Néu a+if khong phai 1a nghiém ciia phuong trinh dic trung cia (5.15), ta tim
mot nghiém riéng cua (5.17) c6 dang Y =e™(K,(x)cos X+ H,(x)sin px), trong do
K, (x),H,(x) 1a cac da thtrc bac | = max(m,n).

e Néu a+if 14 nghiém cia phuong trinh dic trung cta (5.15), ta tim mot
nghiém riéng cuia (5.17) c6 dang Y =e”x(K,(x)cospx+H,(x)sin pfx), trong do
K, (x),H,(x) 1a cac da thtrc bac | = max(m,n).

Vi du 5.19. Giai phuong trinh y"+3y'—4y =X
Phuong trinh thuan nhat twong tmg: y"+3y' -4y =0
Phuong trinh ddc trung: k* +3k —4=0 c6 2 nghiém don k, =1k, = —4
Nghiém tong quat cia phuong trinh thuan nhét twong ing 1a y =C,e* +C,e™
Vé phai ctia phuong trinh ¢6 dang: f(x) = e™P,(x), trong d6 « =0, P,(X) = X
a =0 khong phai 1a nghiém cta phuong trinh dédc trung, vay ta tim nghiém riéng cta
phuong trinh ¢6 dang Y = Ax+B.
=Y'=A Y"=0
Thé vao phuong trinh trén, ta duoc: 3A—4Ax—4B = x

Suyra: —4A=13A-4B= 0<:>A_—%B_—iz>vz_lx_i

16 4 16
Nghiém tong quat phai tim 1a: y = —% X— % +Ce* +Ce™

73



Vi du 5.20. Giai phuong trinh y"+y = 4xsin x
Phuong trinh thuan nhat twong Gmg: y"+y =0
Phuong trinh ddc trung: k? +1=0 c6 2 nghiém phtrc k;, = =i
Nghiém tong quat coa phuong trinh thudn nhat twong ung 1a
y =C, cosx+C, sin x
Vvé phai cua phuong trinh ¢6 dang: f(x) =e” (P, (x)cos fx+Q, (x)sin px) , trong
do a=0, =1 P,(x) =0, Q,(X) =4x
a* =i langhiém cta phuong trinh dac trung, vay ta tim nghi¢m riéng cia phuong
trinh ¢6 dang Y = x((Ax + B)cos x + (Cx+ D)sin x).
= Y'=cos x(Cx2 +2Ax+ Dx + B)+ sin x(— AX? +2Cx—Bx + D)
Y’ = cos X(— AX? +4Cx — Bx + 2D + 2A)+sin x(~ Cx? — 4Ax— Dx— 2B +2C)
Thé vao phuong trinh trén, ta dugc:
(4Cx+2D +2A)cos X + (— 4Ax — 2B + 2C) = 4xsin x
Dong nhat hé sb hai vé, tacé: A=-1,B=0,C=0,D=1=Y =x(sin x—XCosX)
Nghiém tong quat phai tim 1a: y = x(sin x —xcos x)+C, cos x +C, sin x
Vidu 5.21. ( Bai toan qua do )
Cho mach dién nhu hinh vé:

L

Tai t = 0 dong khoa K lai. Tim cuong do dong dién i(t) chay trong mach dién.
Khi khoa K dong: E=U, +U,
X . di
MaU,=iR; U, =L—
R L dt

Ta co: iR+ L% _ E Vay dé tim cuong d6 dong dién i(t) ta phai gidi phuong
trinh trén. Pay 1a phuong trinh tuyén tinh cdp mot db6i véi i(t). Giai ra ta

_R
duoc:i(t) = % +Ce v

Bai tap. A
Céu 1. Gifi c,c ph--ng trxnh vi phan ckp 1 sau:
1) y'—3%:x4lnx 9y +2xy =xe ¥
2 ' X' 2\ 2)?
) 5y—4y:F 10)(1+x% ) y'=2xy = (1+x7)
3) 2xydx+dy =0 11) y'V4+x* +y=0
y_ Y
4) y'=2 -2 12) y'cos® x+y =1+tg°x
X X
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5)y’ = x%* 13) 1+ y*)dx+ xIn xdy=0

6) y’cosx:% 14) (y+e*)dx+xdy =0

7) xdy , ydx 15) 2ydx+(y* —6x)dy =0
J-y2 1=

8) x(1+x%)y'=(x* -1)y+2x=0 16) y' +xy = x°y®

Cau 2. Gifi c,c ph--ng trxnh vi phan cEp 2 sau:

1) y"=x—xy' 8) y"+§y':0

2) e”y"-4=0 9) y"+4y'=2e*

3) y"-4y'+3y=e"sinx 10) y"-3y+2y=0

4) y"-2y'+2y =2¢* 11) y"cos* x-1=0

5) y"+y=tanx 12) y"—2y'+3y=e"cosx

6) y' -7y’ +6y=sinx 13) y"-9y'+20y = x%e*

7) y"-3y' =2-6x 14) y"+2y' +y=4e*

Cau 3. Giai cac bai toan Cauchy sau:

1) x(;jlx—l)er(?(il):O; y(1)=1 4) y'—Xz—Ji/l:(x+1)3; y(O):%

2) (l+e2x)y2dy=exdx; y(0)=0 5) (1+x2)y’+xy=1; y(0)=0
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