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LOI NOI PAU

Nham dap Gng nhu ciu hoc tap va giang day mén Toan
trong truong, B6 moén Toan Truong Cao Dang Cong Nghe
Thoéng Tin TPHCM da t6 chirc bién soan va an hanh cudn
TOAN CAO CAP danh cho sinh vién khéi nganh k¥ thut.

Cubn sach do cac giang vién thudc bd mén Toan bién soan,
trén co s& dé cuong mon hoc theo tin chi di dugc Hoi Pong
Khoa hoc truong phé duyét.

Noi dung cudn sach la phan Giai tich giai quyét hau hét cac
van dé trong yéu ctia mén hoc, gitip sinh vién c6 nén tang vé
toan dé tlep can cac mon hoc khac trong chuong trinh dao tao
hé cao dang khoi nganh ky thuét. Phan 1y thuyét duoc trinh bay
logic, ngan gon, d& hiéu, v&i nhiéu vi du phu hop voi dbi tuong
1a sinh vién hé cao dang Ngodi ra, con c¢6 phan cho sinh vién tur
nghién ctru, sau méi chuong déu c6 bai tdp dé sinh vién rén
luyén.

Day la tai liéu dugc st dung chinh thire trong truong gitp
sinh vién hoc tap va thi két thic hoc phan c6 hiéu qua tdt theo
chuong trinh dao tao tin chi. Trong qua trinh giang day, gido
trinh s& dugc cap nhat, chinh 1y dé ngay cang hoan thién va day
du hon. Do kha ning c6 han, thoi gian ngan va ciing 1a 1an dau
bién soan theo hudng dao tao tin chi nén gido trinh khong tranh
khoi sai sot. Tap thé gido vién bd mon Toan rat mong nhan dugc
cac ¥ kién gop y, phé binh cua ban doc trong va ngoai truong.
Cac y kién gép y, phé binh ctia ban doc xin giri vé chu bién:
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CHUONG 1
GIOI HAN VA LIEN TUC CUA HAM 1 BIEN

1.1 GIOI HAN CUA DAY SO THUC

I. Pinh nghia giéi han caa diy sb thue

1. Céc khai niém co ban

a) Day s6 thuc: 4nh xa f N>R, nt—> x, dugc goi la mot
day s6 thyc, goi tat 1a day sb

Ky hiéu: {xn}, (xn)

ViDU 1

X, :{l}, X, ={L22n+1}, Y, :{3n+1}
n n

Chu y: Tuy thudc vao cong thuc xac dinh ctia dady ma anh xa di
tr N hay N’

b) Day con: Day { X, } duogc goi la mot day con cua day{x,}
néu mdi phan tir cua {xnk } cling 14 mot phén tir ciia diy {x,} .

(c4c phan tir cia diy con duoc trich ra tir ddy me {x,})

, 1 1 1
VIDU 2 Cac day {—}, {—} la day con cua day {—}
2n 3n n

c) Day tang 1a day ¢6 x, < x,+1; Vne N
VIDU3  x,={2n+3} laday tang
d) Day giam la day c6 x, > x,41; Vne N
vViDU4 x,= R P day giam
n+1
Dé kiém tra mot ddy s6 ting hay giam chung ta ¢6 2 cach:
+ Cach 1
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X N ~ - X ~ ~ .9 A
—L>1 thiday tding; — <1 thiday giamnéux, >0Vn
X X

n

+ Céch 2
x,.,—x >0 thidiayting; x  —x <O thiday gidm
2. Gidi han ciia diy so
a) Pinh nghia 1
S6 L duogc goi 1a gioi han cua ddy {x,} khi n dan ra vo cing
néu Ve >0;3n, e N:Vn>n, thi|x, - L|<e.

Khi d6 ta ciing n6i diy {x,} hoi tu vé& L va viét:

n—o

x, > L khin—oo; hay x, > L; hay limx =L

* Day khong tdn tai gid1 han, tac 1a day khong hoi tu duoc
goi l1a day phan ky

* Day c6 gioi han 14 vo han (£ co) thi goi la day co gioi
han vo han.

Ky hiéu: x, — oo khi n - o0 hay limx, =z

n—oo

, e (=D
VIDU 5 Ching minh rang  lim —— =0
e 3pT —5
That vay
Ve>0, CD <o 21 <g©n2>l(l+5)<:>n>‘/l(l+5)
3n" =5 3n" =5 3¢ 3¢

Nhu vy néu ta dit no—{ ’%(l+5):|+1
&

thitaco Ve >0,In, e N:Vn>n, thi|x, —0|<e o

10
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Tuong tu ta co

— n 2
lim 1 = 0: lim &Y o limw:g
n—o p n—om 2n n—o 3” 3
lim(n) = +o0; lim(-3n’) = -

b) Dinh nghia 2 (Gidi han riéng cta day)

Mbi ddy con {x, } cua ddy {x,} néu co gi6i han thi gi¢i han
dc’z duoc goi 1a gidi han riéng cua day {x,}.
VIDU 6
Day  x,={(-1)"n}c6 hai didy con la{2n}va{-2n+1)}
thi{2n} — +oo khi n — ocova {-2n+1)} - —oo0 khi n — —©.
Khi d6 oo duoc goi 1a gidi han riéng cua day da cho
Chii y: day {x,} c6 hai ddy con dan dén 2 gi6i han khac nhau thi
day {x,} khong ton tai gidi han

vibu7  Diy x,= sin([(—l)n + 1][%+ sz ¢ cdc

. T
ddy con la: x, = sm(5+ n27rj =1va x,,=0. Cac day

con nady twong ung co6 cac gioi han la 1 va 0, cac gidi han nay la

cac gioi han riéng cua day x,

3. Cdc tinh chét vé giéi han ciia ddy

PINHLY 1
-Diy hoi tu thi gidi han 1a duy nhét
-Day hoi tu thi gidi noi (tirc ton tai (a,b) chira tat ca cac
gia tri cuia day x,)

DINH LY 2 (tinh tuyén tinh ctia gidi han)

Cho hai ddy s6 hoi tu {x,} >ava {y,} >b khi n—>o;

a,b # +oo

11
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a) lim(x )—hmx +hmyn =a+b

n—0

(%, +
b) lim(C ) CaVCeR
(

n

¢) lim(C+x,)=C+a VCeR

n—0

d) lim(x yn)—hmx limy, =ab

n

.1 1 1
e) lim—=— =—
e x o limx, a
.1 1 1
f) Iim—=— =— Vx,y,a,b#0
n—o yn llmyn b
i) Néu x, >y, thi a>b

i 1imi=% (b#0)

PINH LY 3 (giéi han kep)
Cho ba day s6 hoi tu {x,}, {»,}, {z,} théa mdn x, <y, <z,

VneN valimx, =limz, =a thi limy, =a

Y nghia: Viée tinh giéi han day {y,} kho thi ta phai kep ( hay
chan) 2 dau day {y,} boiday {x};{zn} , ma vi€c tinh gioi han
cua 2 day {x,};{z.} d¢ dang hon.

ViDU 8 Chung minh ring lim S _
n—>»0 n
Ta co
_1 < Snn <l ma lim_—l—liml—O nén limsmn =0.
n n n—00 n n—o n n—>00 n

PINHLY 4 Day tang va bi chan trén thi hoi ty;
Hodc day giam va bi chén dudi thi hoi tu

viDy 9 {1}9“/“-”%00

n

12
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Dinh nghia (day Cauchy)
Diy x, duoc goi 1a diy Cauchy néu véi moi & >0 cho trudc,
tim dwoc noe N* saochokhim,n > n tacd|x, — x,|< &
B6 dé: Day Cauchy la day gidi ndi
DINHLY 5 Tiéu chuan hoi ty Cauchy
Diéu kién can va du dé day sb thuc hoi tu 1a diy Cauchy

n—0 n

4 Soe: lim(l+l) =e va e=2,7182818284

S6 e co mot vai tri quan trong trong toan hoc. Ta goi 16garit
co s6 e 1a 16garit ty nhién hay 16garit Napier va log.x duoc viét
don gian 1a Inx. Ung dung gi6i han s e dé tinh mot s6 bai tap
gi61 han

I1. Mt s6 giéi han co ban

1. lim(l+lj =e 1°. lim(l—lj :l
n—x0 n n—»0 n e
2. 1im>22 — 2. 1im 2 ¢
n—»0 n n—»0 n
3. lim&/n” =1 Vp 3. lim&a=1 Va>0
4. 1imia:0(a>0) 4. 1imin:0
I’l—)DOn I’l—)OOe
. 1 - n?
5. lim——=0 5’. lim ~=0 Vp,Va>0
= n% n ’H°°(1+a)
. , .. In"n
6. limg" =0 V|g|<1 6’. lim——=0 Vp,Va>0
n—»0 n—»0 n

Chii y: khong ton tai giéi han limsinz, limcosn

n—0 n—>0

13
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Cac vi du co bdn
VviDU 10 Tinh lim%/n+5

Tacd: Vn>5=n+5<2n =>1<n+5<i2n;
Vi lim«/2n =lim¢/n42 =1 =1limyn+5=1

n—0 n—0 n—>o0

VIDU 11 St dung dinh nghia chimg minh cac gi6i han sau

2) lim(1+lj=1 b) lim( z ]:0
n—0 n n—o\ n° +1
VIiDU 12 Tim gi6i han

C(2n+2Y 1\
a) lim =lim| 1+
noo\ 2n+1 n—>e 2n+1
1 (2n+1) ﬁ 1 \/_
= l. 1 = 2 =
nlgl'o ( " 2n+ 1) ¢ ¢
el =2,

2 n’ _7.27_*_‘11
by lim| :lim(1+ - j T L
no\ p 41 n—o n”+1

ViDU 13 Tim gi61 han

14
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1.2 CAC KHAI NIEM CO BAN CUA HAM SO THUC

I. Cac khai ni¢ém co ban vé ham sé thue

1. Pinh nghia 1 (Pinh nghia ham s6)

D,D’ c R, mdi anh xa f tir D vao D" bién mdi x € D thanh

y =f(x) € D" duoc goi 1a ham sd bién sb thuc (goi 1a ham sd)
D: tap xac dinh; D" tap gié tri

VIDU 1 Céc ham sb sau:

+ f:R—>R +f:R>R
x> y=f(x)=3x+5 xHyzsx =3
X
T T
+fil-—=]—=>[-11 + f:-Ll]=>[-—,—
f[22][] f[][22]
X > sinx X > arcsin x
+f:R > R" +f:R" >R
x—a (0za>1) x> log, x

2. Pinh nghia 2 (D thi ham s)
Do thi ham sb 1a tdp nhiing diém (x, f(x)) *trén mat phfmg toa
do Oxy, ticla G = {(x, f(x))/ xeD, f(x) €D }
Noi tit ca cac diém do ta s& duge duong cong, ki hiéu: (C)
3. Cdc cdch cho ham sé
* Cho dang biéu thirc dai s6: vidu y = f{x) = 4x° +x” - 5x +3
* Cho dang d6 thi: trong mat phang ‘Oxy cho durong cong (C ) tur

trén dudng cong ta xac dinh moi diém M(x, y) thi biéu thirc lién
hé gitta y va x chinh 1a ham s6 can tim.

* Cho ham sb dudi dang bang
15
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X 3 -2 - 0 1 2 3

Y=fix) |9 4 1 0 1 4 9

Ham can tim c6 biéu thuc 1a  f(x) = x*
4. Ham chén, ham 16, ham tuan hoan, ham don diéu
a) Ham chan

Haimf:D—>R ,x+— f(x) duoc goi 1a ham chéin
{‘v’x,—x eD
=
f(x)=f(=x)

D6 thi ham chin nhan truc Oy 1am truc d6i xtimg
b) Ham 1¢

Ham f:D—>R, x— f(x)dugc goi la ham 1¢
{Vx,—x eD
=
f(x)=—f(=x)

Do thi ham 1é nhan gdc toa do O(0,0) 1am tAm d6i xtng.
¢) Ham tuan hoan

Ham f:D — R; x> f(x) duogc goi 1a ham tuan hoan
{EI peR",VxeD
f—
Jx+p)=f(x)
S6 p nho nhit c6 tinh chat trén duoc goi 13 chu ky ctia ham s
Db thi ciia ham tuan hoan 1ap lai sau 1 chu ky
VIiDU2 Ham sinx, cosx 1a ham tuan hoan c6 chu ky2m.
Ham tanx, cotanx 1a ham tuin hoan c6 chu ky 7
d) Ham don di¢u
-Hamsé f:D — ]R; duoc goi 1a ham s6 tang trén D néu
Vx,,x, € D, x, <x, thi f(x)< f(x,).

16
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Déu “=" chi xay ra & mot s6 hiru han diém.
Ham s tang con goi 1a ham sb dong bién, co d6 thi di 1én tir trai
qua phai .
-Hamsé f:D — R duogc goi 1a ham sb giam trén D néu
Vx,x, €D, x, <x, thi f(x)2f(x,).
Déu “=" chi xay ra & mot s6 hiru han diém.
Ham s giam con goi 1a ham nghich bién, c6 d6 thi di xudng tir
trai qua phai.
Ham s6 tang hodc ham sb giam thi goi chung 13 ham don diéu.
Ham s chi nhan mot gia tri dugc goi 1 ham hing (hay goi 1a
ham dung).
e) Ham s6 hop
Cho2hamsbd f: X —>Yva g:¥Y —Z,hamhop ciafva g
duoc xac dinh va ki hiéu:
gf:X—> Y —> Z

x> y=f)-g(y)=g(f(x)=g,f(x)
ViDU 3

f g
g,/ R > R - [-1]]
X = X +2 sin(x2+2)
f g
g, f 'R > R — [-LI1]

X x+3 - ln(x“+3)

va

f) Ham s6 nguoc va do thi ciia ham s nguoc
Néuhamsd f: X —» Y
x>y = f(x) 1a mét ham don di€u thi ung vai
mdi phan tr y €Y c6 duy nhat mot phan tor x € X sao cho

y = f{x). Khi d6 ham s6 g:Y — X, y = x duogc goi 1a ham s
ngugc cua anh xa f; va duoc ki hiéu: £
Vay: [ (@) =x

17
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VviDU 4
-1,

a) f:R-o>R JR->R
= y-1
x—y=3x+1 Y x ="
3

b) f:R->R' . f:R" >R
x—>y=3" yx=log,y

- P06 thi ciia ham s6 ngugc f' (x) ddi xtmg vé6i d6 thi ham sb
f(x) qua tia phan giac thir nhat

VIDU 5 D6 thi ham y = 2" va y = log.x doi xtmg nhau qua
duong thang y = x
P& thi ham y = x> vd y = ~/x déi xiémg nhau qua dudng
thang y = x .

h) Ham bi chan

- Ham f(x) dugc goi 1a bi chdn trén bdi sO M trén tdp X néu

VxeX thi f(x)<M.

- Ham f{x) duoc goi 13 bi chin dudi boi sé m trén tap X néu

VxeX thi f(x)>m.

Ham bi chén trén va dudi goi 1a ham bi chan, hay ham gidi ndi.

VIDU 6 f(x) =sinx bichdn trén bdi 1 va dudi bdi -1

II. Cac ham so cap

1) Cic ham so cdp co bin

a) Ham s6 hang: y=c ; ¢ 1a hang sb.

b) Ham liy thura: y=x" ; o 1a mot s6 thue.

Mién xé4c dinh ctua ham phu thudc vao « .

VIDU 7 Hamsé y=x vay=x’ x4c dinh v6i moi x.

Ham sb y= 1/x xéc dinh v&i x #0.
¢) Hom mi: y=a", diéu kién a>0 va a# | ¢6 mién xéac dinh
(—oo, +oo); mién gia tri (0, +oo) .

18
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Chii y: y=€* c6 mién xdc dinh (—o0,+o0); mién gié tri (0,+o0)
d) Ham logarit: y=log,x c6 mién xac dinh v&i moi x>0; mién
gia tri (—oo, +oo).

Chii y: y=log.x = Inx c6 mién xac dinh v&i moi x>0; mién gia
tri (—oo, +oo)

e) Cac ham lugng gidc: y=sin X; y=cos X; y=tg X ; y= cotg X.
f) Cac ham lugng giac nguogc

+ y=arcsinx 1a ham ngugc cta ham sinx
\ . e T T A . |
Ham y= sin x véi TSXSE la mot song anh tr doan

- T PR C 1ia
—<x<— lén doan [-1,1], nd6 c6 mdt ham nguoc ki hi¢u
2

x=arcsiny (nghia la x bang so6 do cia cung ma sin cua no 1a y)
Vi qui ude x 1a doi so, y 1a ham so thi ham nguoc ctia ham
y=sinx s€ la y= arcsinx c6 mién xac dinh la doan [-1,1].

Y e, . VA
Mién gia tri [-—, —].

22

Do thi cua ham doi xting v6i ham y= sin x qua dudng phan giac
thir nhat. Xem hinh 1-7.
+ y=arccosx la ham ngugc ciia ham cosx

Tuong ty, ham y=arccosx c6 mién x4c dinh 1a [-1,1], mién gia
tri 1a [0, 7 ] la ham nguoc cia ham y=cos x v6i0<x <7 .

Xem hinh 1.8

19
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T
2

Hinh 1-7 Hinh 1-8
+ y= arctg x , c6 mién xac dinh 1a R, mién gia tri 1a (-5, —)la

\ , \ pe s A , . T T
ham ngugc ciia ham y= tg x v6i mién xac dinh (-—, —).

2
Xem hinh 1-9
y y
r b
2
o] X f
2
- 5
Hinh 1-9 Hinh 1-10

+ y= arccotg x , c6 mién xac dinh 1a R, mién gia tri 1 (0,7) 1a
ham ngugc ciia ham y= cotg x véi mién xac dinh (0, 7).

Xem hinh 1-10.

2) Ham s so cd'p

Céc ham s0 so cap la cac ham dugc tao boi mot s6 hiru han céac
phép toan cong, trur, nhan, chia va phép lay ham hop cua cac
ham so cap co ban.

20
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Vidu: f{x) = 5x° + sinx - cotgx;

_ Sarctg(3x)

f(x) >

4
32y (x)=cos(x)
T
{x)=acos(x)
X
! ! Y
T T -
3n2 R4 = 302
ot
32
32
=+
v
X
! ! ! ! Y
T T T I
3n2 T -2 w2 32
w2
ot
32

21
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3. Cdc phép todn vé ham so

Cho 2 ham sb f{x), g(x), ham tong, hiéu, tich, thuong ctia chung
duoc

xac dinh:
1/ (f£g)(x)=f(x)xg(x)
2/ fg(x)=f(x)g(x)
3/ (iJ(x) = f(x) Vx/gx)#o
g g(x)
Ky hiéu : Dy, D, lan luot 1a mién x4c dinh cua f, g

Dr (1D 1a mién xac dinh cua tong, hiéu, tich
4. Da thirc hiiu ty

Viét Po(x)=ay + aix + ax’ +....... X+ g (a, #0)

=>ax‘ a,#0 Goilada thic bacn (ne N)
k=0
4. Phén thirc hivu ty

P(x) a +ax+ax’+....+a, x"'+ax
- 2 m—1 m
Q0 (x) b+bx+bx +.... +b, x""+b x

— k=0
m
> b
i=0

Goi la mot phan thtrc hitu ty

3x° +1

X

VIDU  fly) =5 +4-6x"+7 ;  fix) =
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1.3 GIOI HAN CUA HAM SO
I. Cac khai ni¢m co ban vé giéi han ctia ham sb
1. Dinh nghia 1

a) (Theo ngoén ngir day): Cho ham f{x) xac dinh ¢ lan can x ,
c6 thé khong xac dinh‘tai Xo . Né}l moi day x, hoi tu vé xo , day
ham tuong tng f(x,) déu hoi tu v€ L, thi ta ndi L 1a gi6i han cua
ham f(x) khi x dan vé x,.

b) (Theo (& — &)): Cho ham f(x) x4c dinh ¢ 1an cén xo , ¢6
thé khong xac dinh tai xo . S6 L duoc goi 13 gi6i han ctia ham
f(x) khi x dan vé xonéu V& >0,36 >0:0<|x - x,[< 5 thi

‘f(x) - L‘ <&
Ky hiéu c6 3 cach sau

X=X

limf(x):L; f(x)—)L khix — x,; f(x)—)L

X=X

ViDU 1 1irr(}xcosx:0; lim(3x+1)=1

x—0
2. Dinh nghia 2 (Gid6i han béng vO cuc va gidi han tai vo cuc)
a) Gidi han bang vé cuc
*(Theo ngdn ngit day)

Cho ham f{x) xac dinh ¢ lan cén xo , c6 thé khong xac dinh tai xo

Neu moi day x, hoi tu vé xo , diy ham tuong ng f{x,) déu hoi
tu vé +oo , thi ta néi gidi han ciia ham f{x) bang vo cung khi x
dél’l Vé X0.

Ky higu lim f(x) =00

*(Theo (8 - 5))
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Néu moi s6 duwong M 16n tuy ¥, ton tai & > O:|x—x0|< o thi
f(x)>M

b) Gidi han tai vo cuc
Ham f{x) c¢6 gi6i han 1a L khi x dan vé& +o duoc goi 14 gidi han
tai vO cuc cua ham f(x).

Ky hiéu hmf( )=L; f(x)—> Lkhix — too

3. Dinh nghia ( Giéi han mot phia)

Dinh nghia gi¢i han phai tai x, : lim f ( ) a néu x> X,

X*).X

Dinh nghia gi6i han tréi tai x;: lim f (x) —a néu x< X,

Pinh ly (Piéu Kién ton tai giéi han)
lim f(x)=lim f(x)=a < lim f(x)=a

4. Cdc tinh chit va phép todn ciia ham c6 gidi han
Dinh ly 1 Gi6i han cua ham s6 (néu c6) 1a duy nhat
Pinh ly 2 (Tinh tuyén tinh cta gidi han)
Néu ton tai hai gi6i hanlim f(x)=ava limg(x)=b

X—)XO X—)XO

(a,b#+0) thitaco

a) 1im[f (x)tg x)]:limf(x)ilimg(x):aib

b) 1g11[Cf ] C1ng() Ca

c) hm[f ]—hmf( )- lLr?g(x):a.b
. f(x)_}inxlf( )_g

9 xh—>nvlog( ) limg(x )_b’(bio)

Y—)X
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Dinh ly 3 (DPinh ly giéi han kep)

Gid sirba hams6 f(x), g(x), A(x) thoa man
f(x) < g(x) < h(x) Vx e D . Khi d6, néu:
lim f(x)=limh(x)=qa thi limg(x)=a

II. V6 cung bé (VCB )va vo cung lém (VCL)
1. Dinh nghia

a) f(x) 1a mot vo cing bé néu f(x) c6 gidi han bang 0 khi
X = x, hay x — ©

VIDU x; sinx; tgx; ...lacacvocungbékhi x —0;

1 A A i

— la v6 cung bé khi x — o0

X
b) f(x) 1 mdt vo cung 16n néu f(x) c6 gidi han bang +oo
VIDU x, a*(a>1); Inx;... 1a cc vo cing 16n khi x — oo
Lo

— la vo cung I6n khi x — 0

X

2. Tinh chit ciia vé ciing bé, vé ciing lén

a) Tinh chat 1: Tong ,tich cic vo clng bé cung qué trinh 1a
mot vo cung bé

VIDU x; sinx; tgx 1a cac vo cung bé khi x —> 0 thi

x+ sinx+tgx 1a mot vo cung bé khi x — 0;

X. sinx.tgx la mot vo cung bé khi x — 0
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b) Tinh chat 2: Tich cua mot vo cung bé va mot dai luong bi

chdn 1a mot vo cung bé

ViDU1 a) Tim lim >t =2 b) Tim lim <22

X—>0 x X—>0 x

=7

BAI GIAI
1 ) ) .
a) Vi — lavocungbé khi x —00; sinx, cosx la ham bi
X

S . z . . sinx .. 1 .
chan nén theo tinh chat 2tac6  lim—— =lim—.sinx=0;

X—>00 x X—>0 x

COS X

. .1
b) Twong tu lim =lim—.cosx =0;

e x e x
¢) Tinh chit 3: Tong, tich cac vo cung 16n cung mot qua trinh
la mét vo cung 16n
VIDU x,a"(a>1); Inx; lacéc vo clng I6n khi x — +oo
thi x+a" + Inx 1a vd cung 16n khix — +o0; x.a". Inx
la v6 cung 16n khi x — +o0
d) Tinh chat 4: Téng cua mot v cung 16n va mét dai luong bi

chan 1a mot vo cung lon

Vi DU 1 1a v6 cung 16n khi x — 0 ; sinx 1a ham bi chan nén
x

L sinx 1a vo cung 16n khi x — 0
X
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e) Tinh chat 5: o(x) 1a vo cing bé va ax) = 0 thi la vo

a(x)

cung 16n

f) Tinh chét 6: o(x) 1a vo cung 16n thi

la vo cung bé
a(x)

g) Tinh chdt 7: lim f(x) = A < f(x) = A + a(x),trong d6 o(x) 14

vo cung bé khi x —X,

3. So sanh 2 vo cung bé

a) PBinh nghia: f(x) va g(x) dugc goi 1a hai v6 cung bé cung bac
def

<:>lim¥:k v6i k1ahang s6 (0 <k <+ )
X_>X0g x

Dic biét: - Néu k = 0 thi f(x) goi 1a v6 cung bé béc cao hon
g(x) khi x —>x, Ky hi¢u: f(x)=0(g(x))
- Néu k = +00 thi f(x) 1a v6 cliing bé bac thip hon g(x)
-Néu k =1 thi goi 1a 2 v6 cing bé tuong duong khi x —x,
Ky hiéw: f(x)~g(x) khi x - x,

sin x

VIiDU lim

x—0 X

=L,=sinx~x khi x—>0
Chung ta cha ¥ nhiéu vé khai niém nay dé ap dung giai 1 sb cac
bai tap giéi han. Ta muodn tinh gidi han nao doé thi cé nhiéu khi

chung ta chi viéc thay nhiing v6 cung bé tuong duwong ma thoi
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b) Binh Iy: Néu f(x), gx), f(x), g(x) la nhing VCB trong
ciing qua trinh x — x,va f(x)~ f(x), g(x)~ g(x) thi

i SO @)

X‘))CO g(x) )C*)XO g(x)

—COSXx
2

vi DU 2 Tim lim
=0 sinx

=?

BAI GIAI

Vi l—cosx =2sin’ = ~ 2,22 =2 sinx? ~ x?
2 2 2

1,
1—cosx PR
Nén lim— =1 —==
x-0 §in x x>0 x 2

¢) Qui tac ngat bdé vo cung bé bac cao

Néu f(x) 1a tong ctia nhitng v6 ciing bé cing qua trinh & tir s6
va g(x) la tong ctia nhitng vo cung bé cung qua trinh d6 & mau so6
X ) X
[ S0

thi trong qua trinh iy lim
g(x) g,(x)

Trong d6: f;(x)1a VCB bac thip nhit & tir s
g,(x) 1a VCB bac thap nhit & miu s6
ViDU 3

) . 4dx+sin’x
Tim hm—3 =7
=0 x+i1gx

BAI GIAI
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Vi 4x 1a VCB béc thip nhat & tir s6 va x 1a VCB béc thip nhat
¢ mau so nén
. 4x +sin’x . 4x
lim———=lim—=4
x—0 X + tg X x—0 X
III. Khir cac giéi han dang vé dinh

Sau day 1a mot s6 gidi han co ban thuong dung

i 1gx
1 im 22 g, lim & =1
x—0 X x—0 X
. arcsinx . arctgx
Iim——=1; lim g _ I;
x—0 x x—0 x
e —1 .oa -
2.lim =1; lim =Ina;
x—0 x x—0 x
. In(Q+x . log 1+x
3. hm(—) =1; th) =log_ e;
x—0 x x—0 x
1
4. 1im(1+ ) =e; hrrol(l + x)x =¢;
) .1
5. lm— = oo; lim—=0;
x—0 X X—>0 X
.1 1
6. llm—=00; x>0 lim— =0, >0
x—0 x“ X—w X
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Tir d6 ta c6 mét 56 vé ciing bé twong dwong

*Khi x >0 thi sinx ~x; 1gx~X: arcsinx ~ X ;
xZ
arctgx ~ x ; 1—COSX~7; In(1+x) ~x ;

*—1~x. \k/l—l—x—1~%x

1. Khur dang 8

- Néu gi6i han c6 chira can thirc bac 2 hodc bac 3 ta phai dung
biéu thirc lién hop (hodc phai thém bat roi tach ra va dung biéu
thire lién hop cho ting phan )

ST 2a-H(Vx+2) 4
o Vx-2 o (x-d)(Vie2x+3) 3

-Néu 1a gi01 han chira da thire ta phai phan tich thanh nhan tir c6
chtra thira so (x-xy)

xt—a* (x—a)(x+a)(x2+a2)_4a

VIiDUS5 lim———=lim
—ax' —g’  a (x—a)(x*+ax+a’) 3

ViDU 4

- Bién d6i gi6i han da cho dua vé sir dung cong thirc gidi han co
ban:
sinx ... In(1+x) e —1_

lim =1; lim =1 ;lim
x>0 X x—0 X x—0 X

Tt do ta cling c6 cong thure hé qua: véi u=u(x)
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. In(l+u e —1 . sinu
hm—( ) =1; lim =1; lim =1;
u—0 u u—0 u u—0 u

. sinmx m ~ sin(x+a
Iim =—; lim ( ) =1
=0 onx n e x+a

. . cOS—
Chu y rang khong ton tai gigi han  lim X
x—0 X

VI DU 6 Tinh céc gidi han sau bang cach dua vé ap dung cong
thirc gid1 han co ban

In(1 + 4x) In(1+4x) 4x

a) lim =lim 1.2=2
x—0 2x x—0 4x 2x
. e -1 . ™ —1 sin3x 3 3
b) lim——— =lim— . =l.—=—
=0 2x =0 sin3x  2x 2 2
VIiDU 7 Tinh céac gi6i han sau
2) lim Cos X —2c0s 3x Mim (cosx—1) +2(1 —cos3x)
x—0 X x—0 X
3 x\’ 3x Y’
~2sin® X +2sin’ 7YX -2 (2j +2 (2j
=lim 2 5 2 _lim > =4
x—0 X x—0 X
X+a . x—a
sinx —sina 2cos St
b) im———  =1lim =cosa
X—a x —_ a Xx—a x — a
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. x+a . x—a
-2sin sin

o) lim =222 i 2 2_ - _sina
x—a XxX—a x—0 X—a 2
5
d)
lim(l—cosx)cos2x+1—c052x limeos 2 s (1—cos2x) _
x50 l1—cos2x x>0 I—cosx
) . (I—cos2 2 4
=hmcost+11m( zx).4. al =1+—-2=5
-0 =0 (2x) 1—cosx 2
Vi DU 8 Tinh céc gi6i han sau
.1 . In(2x+1) 2
a)hm—ln(2x+1):hmM.—x:oo
x—0 x2 x—0 2x x2
1
X In(1+—)
1 —_ = 1 = 1 x =
b)al_r)lgx[ln(x+l) lnx] llxriloxln . {gr(} T 1
X
. Inx—-Ina .. In>
o) lim——— =lim—%.
xX—>a x-a xX—>a X—a
Pit t=x-a thi x=tra= ~ =72 1+ L va x S thi 150
a a a
t
In(1+—) 1
nén [:lim—a = —
t—0 La a

a
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2. Khii dang (90—00)

Ta cling phai nhan bicu thirc lién hop, hodic ¢6 thé phai ddi bién
sO ro1 nhan lién hop
1 e
‘ . 1 1 . 1= .9
VIDU9 lim| ——-— |=lim .cosx:hmz =0
=o0\sinx  1gx =0 sIinx =0 x

o0
3. Khir dang —
00

Ta c6 thé chia ca tir va mau cho vo cung 16n bac cao nhat néu la
phéan thtrc hitu ty

3 2 3
VIiDU10  fim 2 gy ¥ L
xor0 2x” +3x +5 0 o 2xT 2

4. Khii dang 17
Ta bién d6i ap dung 2 giéi han sau
1

: 1 : -
lim(1+—-)" =e¢; hrrol(l +Xx)* =e; €=2,718182848...
X X

1
Tong quat voi u=u(x) thi lim(1+u)" =e;
VIDU 11 Tinh cac gi6i han sau

2 P+ 2,
2 x 5 ‘7x2+ L X
2) lim| ~ 1 =lim(1— 2 ) L=
ool x7 41 x> x +1

1 1 sinx l
b) lim(1+sinx)3 =1lim(1+sinx)sns 3x =3

x—0 x—0
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c)
1 1 —sin®x

lim(cos® x)** = lim((1 + (—sin® x)) *'x) sor =g’ =1;
x—0 x—0

cosx 1

. Sln x S x Cos x
Lo L lim| 1+—— |
+ fox \sinx x—=0 COS X e
d)lim (1 & j - =%
x—0 . . —
+sinx lim (1 + sin x)sinx ¢
X—>00
1 (sinx—1)sinx
e)lim(sin x)* = lim((1+ (sinx —1))"1) cx =g’ =1,
o 7
2 2
Vi
X X, .,X x
sin x—1 2sin~ cos = —(sin® = +cos’ =)
lim(sin x~———) = lim(sinx——2——2 2 2
N ] x x
x> COS X -2 COSZ* s1n2—
2 2
2
X . X X . X
—( cos——sin—) —(cos——sin—)
= lim(sin x ) = lim(sin x 2 -0
X 2 ) x> X
2 cos’ ~ —sin® = 2 cos —+sin =
2 2 2
R
1 1+1gx
— In| —&—
f)lim LR IgY i e (”Si“)
=0\ 1+sinx x=0

In 1+tgx—smx .
1 l+sinx Jtgx—sinx 1

x>0 1g8x —sinx l1+sinx sin’ x
1+sinx

. 1 1+
ma lim———In t'gx =
=0 §in” x 1+sinx
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tgx —sinx
In 1+g7 3 .
—lim 1+sinx 1 X 1gx—sinx 1
=0 1gx —sinx l+sinx sinx  x° 2
1+sinx
1
. I+rgx Ji'x 101
vdy lim .g =e’=—=
=0\ 1+sinx Je

VIiDU 12 St dung v6 cung bé twong duong, tinh cac gidi han
sau

2

2 A=lim ln(l-l—?x) Mim 2x l
x—0 6x x—0 6x 3

Vikhi X > 0 taco In(1+2x*)~2x’

ln(l + tgx) . X
————=lim—=1
HO X+sin’x  x=0x

b) B=

Vikhi X = 0 thix, sinx, tgx 1a cic vd cing bé nén ta co
3
In(1+tgx) ~tgx~x va X +8m X ~ X
5x

C)B_hme—l_l X 3

=0 gretg2x o0 2% 2

Vikhi X > 0 thi & —1~5x va arctg2x ~2x
VviDU 13

X

. tex—sinx . sinx(l—cosx . 1
hmg 5 =lim (3 )=hm 3 2 __-
x>0 X x>0 X7 COSX x>0 x“cosx 2
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1.4. TINH LIEN TUC CUA HAM MOT BIEN SO

I. Cac khai niém co ban 7
1. Dinh nghia 1 (Ham lién tuc tai 1 di€m)
Ham f{x) 1ién tuc tai xo néu thod 2 dicu ki¢n
e f(x) xac dinh tai xy va trong lan cdn cia x
o f(x)> f(x,)khi x> x,
Ky hi¢u: lim f(x)=f(x,)
Néu dit Af(x) = f(x)- f(x,) va Ax=x-x, thi
Af (x)— 0 khi Ax —> 0
Piém x, duoc goi 1a diém lién tuc cta ciia ham f{x).
2. Dinh nghia 2 (Ham lién tyc trai) .
Ham f(x) lién tuc trai tai xy néu thoa 2 di€u kién
a) f(x) xéc dinh tai x¢ va trong lan can bén trai cla x,
b) f(x)—)f(xo) khi x — x;

Ky hi¢u limf(x) =f(x,)
3. Dinh nghia 3 (Ham lién tyc phai) .

Ham f{x) lién tuc phai tai xo néu thoa 2 dicu kién:
a) f(x) xac dinh tai X va trong lan can bén phai cua x,
b) f(x)—> f(x,) khi x— x,

Ky hi¢u lim f(x)=f(x,)

Pinh ly (lién hé gitra lién tuc trai, li€n tuc phai va lién tuc tai x¢)
f(x) lién tyc tai x
< lim f(x)= Im f(x)= lim f(x)=1(x()

XX X—>X() X=X0

4. Dinh nghia 4 Ham f{x) lién tuc trén (a, b) néu va chi néu
ham lién tuc tai moi diém thudc (a,b)

Ky hiéu limf(x)zf(xo) Vxe(a,b)

X=X,
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5. Dinh nghia 5 Ham f{x) lién tuc trén [a, b] néu va chi
néu ham lién tuc tai moi diém thudc (a, b) va lién tuc trai tai b,
lién tuc phai tai a.
Ky hi¢u }jglf(x):f(xo) Vxela,b]
Pinh Iy (Tinh lién tyc clia cac ham so cap)
Moi ham so cép lién tuc trén toan bg tap xac dinh cia no.
6. Tinh chit
a) Tinh tuyén tinh cta ham lién tuc
Ham f{x) va g(x) lién tuc tai xo thi ham tong, hiéu, tich, thuong
(g(xg)# 0 ) cling 1a ham lién tyc.
b) Tinh chét ctia ham lién tyc
e f(x)lién tuc trén [ a, b] thi bi chan trén doan nay. Tuc la
ton tai me R sao chom < f(x) <M Vxe [a,b]

e f(x) lién tyc trén [ a, b] thi dat GTNN, GTLN trén [a, b],
va moi gia tri trung gian gitta m va M.
e f(x) lién tuc trén [ a, b] va f(a).f(b)< 0 thi f(x) = 0 cb
nghiém trong (a, b).
7. Y nghia: Ham f{x) lién tuc trén (a, b) thi dd thi cua né 1a
dudng cong lién nét tir A(a, f{a)) toi B(b, f(b)).
II. Piém gian doan
1. Dinh nghia
Néu f{x) khong lién tuc tai xo , thi ta ndi xo 1 diém gian doan
ctia ham f{x). Néu f(x) gian doan tai x, thi @6 thi ham khong lién
nét ma bj tach thanh 2 phan tai diém c6 hoanh d¢ 13 xo .
2. Nhin dang diém gidn doan
Ham f{x) gian doan tai xo néu mot trong cac trudng hop sau
xay ra
a) f{x) khong xac dinh tai x
. 1
ViDU 1 smx,ex’ 2x+3
X X

b) Ham c6 gio1 han khi x dan tdi xo nhung giéi han d6 khong
bang f(xo)

,... la cac ham gian doan tai xo = 0.

37



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

VIDU 2 Xét sy lién tuc ciia ham tai x =0
sin x
JFx)=9 x
3 khix =0

khi x #0

BAI GIAI
Ta c¢6: f(0)=3 nén ham sb xac dinh tai x=0 va lan cin cia

x=0.
Va lim f(x) = lim>= =1 £ (0) =3
X—0 x

Vay ham sb gian doan tai x=0.

¢) Ham khong c6 gi6i han khi x dan ti xo vi gidi han 2 phia
khong bang nhau
VIDU 3 Xét su lién tuc ciia ham sd:

l+cosx khi x>m
f(x)= 0 khi x=mx
1-x*> khi x<m

Dép s6: ham s gian doan tai x = 7
d) Ham khong c6 gidi han khi x dan téi xo

1 )
, sin— khi x#0 ,
VIDU 4 f(x) = X gian doan tai x = 0.

3 khi x=o0

o1 s
Vi lim sin— khong c6 gidi han
x—0 X
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3. Phan logi diém gidin doan

DPiém gian doan ctia ham dugc phan thanh 2 loai: loai bd
duoc va loai khong bo dugc

a) Loai bé dugc con goi 1a gidn doan lpai 1, do 1a gidi han trai
khac gi6i han phai. Truong hop ndy néu ching ta sir dung bude
nhay thi do thi s€ lién tuc.

b) Loai khong bo duogc con gc_)i la gian doan loai 2, d6 la hém
khong xac dinh hodc khong ton tai gidi han cia ham khi x dan
to1 xo . . .

VviDU 5

Cho ham sd

-2sinz , khi x S—%

y=f(x)=4qasinx + b | khi—%<x<%

) Vs
Ccos T , khi x 25

Tim a, b d€ ham s6 lién tuc trén R.

Paép s6: a= -1 va b=1
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BAI TAP CHUONG I
1.1 Tim cac giéi han ham s6 sau
1 1
4 _ 4 7 5
a)lim=—= b) lim %4’
x>a X —d x—a  x—q
_ 3/,
) limM d) lim \/; !
x—>a x—q x—1 X — 1
\/1+2x 3  lim 2x3x —3x+7

x—>4 \/_ 2

1.2 Tim cac giéi han

X
sin® =

a)lim

x—0 x2

c) hm(l x) tan%

x—1

e)lim x.sinl

X—>0 x
1—-+/cosx
g)lim————

0 §inx

1.3 Tinh cac giéi han sau
a)lim

x>0 tan 4x

sin” 3x +sin2x

sin2x 1

¢) lim
=0 tanx

x/1+tanx—x/l+sinx

e) lim 3

x—0 X

40

w0 3 x +2x—1

sin 5x

b)lim
-0 tan 8x

d)lim sin 5x —sin3x

x>0 sin x
X

Hlim———
=0 \/1—cosx

tan x —sin x
3

1) lim

x—0 X

b) lim 1- C?S 2x
=0 xsinx

& limln(1+tanx)+\/l+2x—1

x>0 x* +arcsin 2x

h)hm1 (1 x)

x—0 2x
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1.4 Tim cac giéi han

] x+2 3x+4 ' L
")}E&(HJ b) lim(cos.x)n
NESN . '
©) }LIEO(xz_’_l] d) £1£%(1—2x)x

1
i ; : . tan x
°) Alg(l)q (COS\/;) f) 1@(51nx)

2

1
g) £1_r)13 (sm X +cos x)x

1.5 Xét tinh lién tuc cia cac ham sb:

ax’ khi x<2 .
a tal x, =2
) f { khi x>2 o0
khi x#2 )
b) f(x tai x, =2
khi x=2
khi x<0 .
c tai x, =0
) Sl {x+a khi x>0 S
x*sin’x khi x#0
d tai x, =0
) S { khi x=0 '
x +ln 1+2x
khi x#0 )
e) f(x sin x tai x, =0
a+sinx khi x=0
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CHUONG II
PHEP TiNH VI PHAN HAM MOT BIEN
2.1. PAO HAM
I. Pinh nghia dao ham
1. Dinh nghia dao ham tgi x,

Cho ham y = f(x) xac dinh trén (a,b) , X0 € (a,b). Cho xg sb
gia Ax sao cho xo + Ax € (a, b) va goi Ay = f(xo +Ax ) — f(xo)
1a s6 gia ctia ham sb tng vai sé gia Ax cua ddi sb.

A A . . A \ ~ \ .. 71N \ 5
Neéu ton tai Ahn}) A_y va hitu han thi gigi han d6 1a dao ham cua
X—> X

ham f(x) tai xo va ham f(x) goi la c6 dao ham tai xo. Ta ky hi¢u
. Ay
f'(x,) = lim —

Ax—0 AX

2. Dinh nghia dao ham mgt phia

. 3 A N L 1s
- Ne¢u chi ton tai lim ald va hitu han thi giéi han d6 1a dao

Ax—o0"
ham bén phai cua ham f(x) tai xo.
Ay

Ky higu f (x,) = Jim

oo . A
-Tuong tw f (x,)= Alxlilg_Ey thi gi¢i han d6 1a dao ham

bén trai cua ham f(x) tai x.
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3. Cac dinh ly
Pinh 1y 1

Ham c6 dao ham tai mot diém khi va chi khi ham sb co dao
ham bén phai va bén trai tai diém d6 va chung bang nhau.
Dinh ly 2

Ham s6 f(x) c6 dao ham tai X, thi lién tuc tai xo.

ViDU Ham f(x) =| x| lién tyc trén R.
Taco £(0)=- 1, f(0") = 1, nén f(x=0) khong c6 dao ham.
IL. Cac qui tic tinh dao ham
1. Cdc dinh Iy vé phép tinh dao ham
Pinh ly 3

Néu u= u(x) va v=v(x) la cac ham c6 dao ham tai x thi tong,
hiéu, tich, thuwong (v(x) # 0) ciing c6 dao ham tai x va

) (uxv)'=u'tv]

ii) (uv)'=u'v+v'u; (cu)'=cu'; c=const
u u'v-v'u c) —ov' 1Y) 1 ,
) || T2 s || T —u|l=-u
\% \Y v % c c
Dinh Iy 4

Cho ham y = f(x) lién tuc va ddng bién (hoic
nghich bién) trong khoang (a, b). Néu f(x) c6 dao ham tai diém
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X0 € (a, b) va f’(xo) # 0 thi ham nguoc x = ¢(y) cua f(x) cling c6

dao ham tai yo = f(xo) va @' (yo) =

1
1'(x0)
Pinh ly 5 (dao ham ham hop)
Cho ham y = f(u);u=u(x) thi y’=f’(u).u’(x).
2. Cdc cong thire tinh dao ham
Theo cac dinh 1y 3 va 4, dé tim dao ham mot ham so cép bét
ky ta chi can biét dao ham cta cac ham so cép co ban, d6 la cac

cong thirc sau day

¢'=0 , cla hang sb; u=u(x)
(XOL)’ — axa-l; (uot)’ — auaua-l.
(%)’ = a"Ina; (a")’ =u’a"lna,
(ex)’ — ex; (eU)a :ua eu
(log.x)” = , (logau)” = ;
xlna ulna

(Inx)'=-: (Inu)' =1,

X u

(sinx)’ = cosx;

(sinu)’ =u’cosu;

(cosx)’ = - sinx; (cosu)’ = - u’sinu
1 '
(tgx)'=——7—; (tgu)'=———;
CoSs” X cos’u
(cotgx)’ =-———; (cotgu)’ =-—
sin” x sin“ u
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. 1 . '
(acrsinx)'= ; (acrsinu)'= - ;
1-x’ 1-u’
1 1 ' u'
(arccosx)'=— , (arccosu)'=— ,
1-x* 1-u’
(acrtgx)'= L. (acrtgu)'= u
Tl ST
(arccot gx)'=— = (arccot gu)'=— =
I+x I+u

VIDU 1 Tinh dao ham cua cac ham sd
a)y=(2x+ 3)!1°,
Tacoy =10(2x +3)°.2 hay y’ =20(2x +3)’.
b) Dangy =u"

Tacoy=e"™thi y’=e"™(vinu)’

xInx xInx

Chang han: y=x*Tacoy=¢e"™ thi y’ =e"™(xInx)’.

Vay y’ =x*(Inx + 1).
Chit y: D6i v6i mot s6 ham:

v(x)

a) f (x) = u(x)

b) f{x) 1a ham tich, thuong cia nhiu ham s6, hoic Ia
nhitng ham hop phurc tap. Muodn tinh dao ham ching ta phai lay
In ctia ham do.

ViDU 2 Timy’ biéty = x(x—_;) Vxe[0,1]U(2,+%)
—

Lay In hai vé va sir dung céc tinh chat ctia ham logarit ta c6:
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:>lny:%(lnx+ln‘x—1‘—ln‘x—2‘)

y_1ir 1.1
y 2lx x-1 x-2

, X —4x+2

o fe(x-1)(-2)
ViDU 3 Timy’ ctia cac ham sb
a) y= X7 Vx>0

=Y

. . 1
Liy Inhaivé = Iny=x"Inx :y':y[lenx—kxz —j
x
hay y'=x" (2xlnx+x)

b) y=(sinx)®" tai nhimg diém ma ham ton tai
Lay In hai vé

Iny=tgxInsinx = y' :y((1+tg2x)lnsinx+tgx COSXJ
sin x

Ve m ) : COS X
hay y'=sinx | (1+7g x)Insinx+1gx—
sin x

IIL. Pao ham cip cao
1. Dinh nghia

Cho ham vy = f(x). Néu f(x) c6 dao ham véi moi
x € (a,b) thi f(x) cling 14 mot ham trén (a,b). Khi d6, néu £(x)
c6 dao ham trén (a,b) thi ta goi (f'(x))’ 1a dao ham cip hai cua

ham f(x) va ky hiéu 1a £'(x).
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Pao ham cép n cia f(x) ky hiéu 1a f(x).
Theo dinh nghia ta c6 f"(x) = (f”(x))’.
Ta quy uée fO(x) = f(x).

2. Cong thikc tinh dao ham cdp cao

i) (f(x) + g(x))™ = f7(x) + g”(x)

i) (f(0).g@)” =3 C O (x0g" ()

Cong thtre (i1) thuong goi 1a cong thirc Leibnitz

VIDU 7 Tinh dao ham cép cao cho cac ham sd sau

a)y=e¢" =>y'=e’, y'=¢€", ... YW=
b) y=e" = y'=ae”™, y"=d’e",.......... YW =gre™
c) y=sinx
= y'=cosx = y"=-sinx= (—1)1 sin x
y(3) =—COSX = (—1)l cosx = y(4) =sinx = (—1)2 sin x
(et (—l)k COS X y* = (—l)k sin x

Cdch2:y'=cosx = sin(x+1.§j

" 72- . 72- 72- . 7[
y'=cos| x+1.— |=sin| x+—+— |=sin| x +2.—
( 2] ( 2 2j ( 2]
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y(n) =sin| x +nZ
2

d) y=cosx =" = Cos[x+n%)

e) y:L:(l_x)1

1-x
V= (1) (1) (2)(~1)(-3) =) (1) (1= )
(1) (1—x) =
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Vi DU 8: Tinh dao ham cép 100 cho ham sb sau
y=x’sinx

y(mo) in®™ x+0

- xzsin£x + 100’2”j+ 200xsin(x+ 99Z]+990051n(x +9872’]

= xsinx —200x cos x —9900sin x

= x*sin™ x +100.2x.sin™ x + 100',99 2si

ViDU 9 Tinh dao ham cép cao cho cac ham sé sau
3

a) y=— - 1:>y(7)—"

y=x"+X+14+— ! (X +x+1)7 =0

y"=lx-D"1" = (—1) T(x -1~

2
b) y=—"—=y" =2

1_
x> —1+1 _
y:T:—(x+1)—(x—1)l
y =0-[(x-1)"1Y =(-D*!(x-1)"
C) _ 1+X :>y(100):?
-1 1
199)!1 20 (197 199
v = -+ B -
]
d) Y=m:>}’(w%)(0) ?
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1 1 1 1 4 4
Y—E(EJFE)—E[U—X) +(1+x) 7]

y(n) = %[H'(l _ X)—(n+1) + (—l)nl’l'(l + X)—l(m—l)]

!
y(1996>(0) — %[% + %] =1996!

1
©) y=5 5= y"0)=7

-3x+2
Y= = (x-2) = (x- 1)
x—=2 x-1
YO =[x =2) (1l 1) )
1 1

1993)(0) =1993! -
y ( ) [(_2)1994 (_1)1994 ]
f) y=In(1+x)=y™(x)="?
y'=L =(x+D) y"=-1(x+1)7

x+1
y"=(D(2)x+1D)7
y" =D (=D Ux+1)]

x+1

y=In(x+1)—In(x —-1)

b1
x4l ox-1
y(“) = [(—1)“’1(n -DHI(x+ 1)’(“) — (—1)“’1(n -DHI(x - 1)’(“)]

1

1996
3

y(1996) (2) — (_1)19951995 |[

-1]
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2.2. VI PHAN

I. Pinh nghia vi phén cip 1

Cho ham y = f(x) x4c dinh trén (a, b), xo € (a, b). Ta goi
f(x) 1a kha vi tai xo néu co thé viét Ay = A.Ax + o(Ax), trong
d6 A 1a mot hang sb, o(Ax) va VCB cip cao hon Ax thi biéu
thirc dy = A.Ax goi l1a vi phan ctia ham f(x) tai xo.

Tir dinh nghia ta thay ngay rang, véi Ax bé thi dy = Ay
I1. Céc cong thirc tinh vi phan
1. Dinh Iy (Mdi lién hé gitta dao ham va vi phéan)

Ham y = f(x) kha vi tai xo khi va chi khi f(x) c6 dao

ham tai xo va dy =f'(xo) Ax.
2. Cdc tinh chit ciia vi phén cép 1

Pinh ly: Cho f(x) va g(x) 1a cac ham kha vi tai x.

Khi d6 cac ham f(x) * g(x), f(x).g(x) va % (2(x) # 0)
g(x

cling kha vi tai x va
D d(f(x) + g(x)) = df(x) + dg(x)
i) d(f(x).g(x)) = gx)df(x) + fix)dg(x)

i) d[f (x)} _ 80400~ f (1)
g(x) g7 (x)

3. Tinh bit bién ciia biéu thirc vi phin cip 1

Cho f = f(u) thi df = £(u).du.
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Néu u = u(x) lai 1a mot ham cia x: £ = f(u(x)) thi
df = (fou)’(x)dx = f*(u(x)).v’(x)dx vi v’ (x)dx = du nén ta lai c6
df =f(u)du. Nhu vay du u 1a bién doc 1ap hay bién phu thudc
thi ta van c6 df =f*(u)du.
4. Tinh gin ding gid tri ciia ham bang vi phan.
Tir Ay =f(xo+Ax)—1f(x9) va dy="(x0) Ax
Ta c6 dy ~ Ay, do d6 f(xo + Ax) = f(x0) + £'(X0). Ax voi d
chinh x4c 14 o(Ax), mot VCB cép cao hon Ax.
ViDU 1 Tinh gan ding In(1,01)
BAI GIAI
Ln(1,01)=In(1+0,01)
Xét f(x) = In(x) thi £(x) = % Voixo=1, Ax=0,01tacod

In(1,01) * In1+1.0,01=0+1,01=1,01

Vi DU 2 Tinh gin ding 7 =2
BAI GIAI

{/7:23/1_%

Xét f(x)=</x thi f'(x)= !

Voixo=1, Ax=-1/8

33/ x?
1( 1Y\] 23
Teds 37 ~ 2 1+-|-=||==2.
I { 3( gﬂ 12
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III. Vi phén cip cao

Cho y = f(x) la ham kha vi trén (a,b).

Biéu thirc dy = y’(x) Ax goi 1 vi phan cdp mot ciia ham

y = f(x). Him nay phu thudc vao hai bién doc lap x va Ax. Tuy
nhién néu c¢b dinh Ax, nod tré thanh ham ctia mot bién x. Néu
ham nay kha vi trén (a,b) thi vi phan d(dy) cua n6 goi la vi phan
cép hai ciia ham y = f(x), ky hiéu la d’y.
Nhu vy d”y =d(y'Ax) = (' Ax)' Ax = y" (Ax)".
Boi vi dx =Ax nén d°y = y"dx’
Téng quat néu y kha vi cap n trén (a,b), ta c6 thé xac dinh
dy= y(“)dxn ,

(n) — dny

Vi h¢ thuc nay nén dao ham cap n con c6 thé viet y PR
X

2
ching han y'z%, y'= jxf,....

Vi phan cip cao khong c6 dang thirc bat bién nhu vi phan cip

mot.

Vi DU 3 Tinh vi phan cdp 3 cho ham y=tgx

BAI GIAI

Ta c6 cong thirc tinh vi phan cip 3 1a d’y = y"dx’

y'=1+1g°x;
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" =2tgx(1+1g’x) = 2tg’x + 2tgx
y"=6tg’x(1+1tg°x)+2(1+tg’x) = 6tg"x + 8tg”x +2
d’y = (6tg"*x + 8tg’x + 2)dx’

ViDU 4 Tinh vi phan cap 3 cho ham y= xInx+cos3x

BAI GIAI
y' =lnx+xl—35in3x=1nx+1—3sin3x;
X
n 1
y"=—-=9cos3x;
X

-1 .
y"'=—+27sin3x;
X
d’y =y"dx’ nén

d’y= (_—21 +27sin 3x)dx’
X
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2.3. CAC PINH LY VE GIA TRI TRUNG BINH
I. Dinh nghia cwe tri

Cho ham y = f(x) xac dinh trén (a, b). Piém x, € (a, b) goi 1a
diém cuc dai (cuc tiéu) dia phuong ctia ham y = f(x) trén (a, b)
néu t6n tai & > 0 sao cho Bs(xo) = (xo - 8, Xo + 8) < (a,b) & moi
x € Bs(xo) thi f(x) < f(x0) (f(x) > f(x0)). Piém x, ma tai d6 f(x)
dat cuc dai hay cuc tiéu goi la diém cuc tri.
II. Cac dinh ly vé gia tri trung binh
1. Dinh ly Fermat

Néu ham y =1f(x) dat cuc tri tai xo va tai d6 ham s6 ¢ dao
ham thi £(x¢) = 0.
Pinh 1y Fermat thuong goi 1a diéu kién can dé co cuc tri. Bay
gio ta phat biéu ba dinh 1y thuong goi 1a cac dinh 1y vé gia tri
trung binh.
2. Dinh ly Rolle

Cho ham y = f(x) lién tyc trén [a,b], kha vi trén (a,b) va
f(a) = f(b). Khi d6 ton tai ¢ € (a, b) sao cho £(c) =0.
3. Dinh ly Lagrange

Cho ham y = f(x) lién tuc trén [a,b], kha vi trén (a,b). Khi do

f(®)-f(a)

t6n tai ¢ € (a, b) sao cho f'(c) = g
-a
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Cong thic sau ddy goi 1a cong thic s gia gidi noi
f(x+Ax)—f(x)=f'(x+0Ax)Ax, 0 <0 <]1.
Néu f(x) = 0 véi moi x € (a,b) thi theo cong thirc s6 gia gidi
ndi, voi moi x, Xo € (a,b):
f(x)—f(x,)=f'(x+06(x—x,))Ax =0
Do d6 f(x) = f(xo), tirc 1a f(x) 14 ham hang.
Viy ta c6: f(x) 1a ham hang khi va chi khi f'(x) = 0.
4. Dinh ly Cauchy

Cho céc ham f(x) va g(x) lién tuc trén [a,b], kha vi trén (a,b)
va g’(x) # 0 voi moi x € (a,b).Khi d6 ton tai ¢ € (a,b):

S _ f(b)—f(a)_
g'(c) g(b)-g(a)

D@ dang kiém tra o(x)= f(x) _f®)= @ g(x) thda man cac
g(b)—g(a)

diéu kién cta dinh 1y ,do d6 ton tai ¢ € (a,b) dé ¢’(c) = 0.
Khi d6

SO =S @) i) pay LSOV~ @)
g(0) - g(@) g gb)-g@

Chii y: Néu dit g(x) = x trong dinh Iy Cauchy ta nhan duoc
dinh 1y Lagrange. Néu thém gia thiét f(a) = f(b) trong dinh ly

f'(©)-

Lagrange ta nhan dugc dinh ly Rolle.

56



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

Vi DU Chirng minh bét ddng thirc: In(1+x) < x, Vx >0
BAI GIAI

In(l1+x)<xkhix >0 In(1+x)—x<0 khix >0
Xétham f(x)=1In(1+x)—x khix >0.

Ta c6 ham f(x) 1a ham lién tuc va c6 dao ham
f'(x)= L —1 trén doan [0,x].
1+x

Ap dung dinh 1y Lagrange ta c6:f(x)-f(0)=(x-0)f’(c) véi ¢ thudc
(0,x)

:>1n(1+x)—x:x[ ! —lj:—x ¢
l+c l+c

vi x>0 va ¢>0 nén —x1L< 0. Vay In(1+x)—x <0.
+c

Ta c6 di€u can chirng minh.
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2.4. CONG THUC TAYLOR
I. Cong thirc Taylor va cong thirc Maclaurin
1. Dinh ly
Cho f(x) lién tuc trén [a,b], c6 dao ham dén cip (n + 1) trén

khoang (a,b), x¢ € (a,b). Khi d6 v&i moi x € [a,b], ta co:

X f(k)(xo) k f(n+1)(c) n+l
f(X)_kZ:(;T(x_xO) +m(x—xo) )

trong d6 ¢ 1a mdt s6 nam gitra xo va x.
(k)
- (%)

Tago1 P (x)= z
o k!

(x—x,)" 1a da thirc Taylor bac n ctia
ham f(x) tai 1an can cia diém xo va

")
(n+1)!

Chii y: Ta c6 thé viét cong thirc Taylor dudi dang

(x—x,)"" 1a phan du cta cong thirc Taylor.

R, (x)=

(n+1)
fGx,+h)=P (x, +h)+%h”“,trong d60<0<1.
n+1)!

Khi n = 1, cong thirc Taylor chinh la dinh ly Lagrange.

(n+1)
Phan du R, (h) = (h D £ (x, +6h) goi 1a phan du cia

cong thirc Taylor dudi dang Lagrange.
Phan du R, (x)=0((x—x,)") goi 1a phan du cua cong
thirc Taylor duéi dang Peano.
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ViDU 1

Khai trién Taylor cho hamsé f (x)=/x tai x, =1 tsi

$6 hang bac 3.
BAI GIAI
Ta co:
f)=¥x = f1)=1
f'(x)—lxi = f'(l)—l 1% _L
3 3 3
5 2 3 2
n —- __ 3 : n 1 :__.1 3 —
F(x) =2 =2 ==
10 2 10
(3) — 7,3 — G (1)=—=.
fo¥)=5 W)=y
80 U 80
(4) __°9Y 3 (4) -2
fo) =51 = =5
Vay:
f(x):%/;
21 2 10 1 ;3 80 (o % 4
1+**(X—1)—§.5(x—1) +E.§()€— ) _81( 4)' (X—l)
- phin chinh phan di (L)
21 2 10 1 3 3
1+——(x—1)—§.5(x—1) +2—§(x— ) +0(x—1)
phin chinh phan dut (P)

Trong d6 & 1a mot sO ndm gitra x va 1.
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2) Cong thirc Maclaurin
Khi x¢ = 0, cong thuc Taylor con goi la cong thirc Maclaurin

¢6 phan du cia cong thire dudi dang Lagrange 1a

(k) (n+1)

K T es@)

Cong thirc Maclaurin ¢6 phan du du6i dang Peano 1a

(k)
f(x)= Zf UMD

3. Khai trién Maclaurin mét sé ham co bin
i) Khai trién ciia ham f(x)=e"
Tacd f(x)=e" = f(0)=¢€"=1
f'x)=e¢"=f'0)=1
f'(x)=e"=f"0)=1

fr(x)=¢* = f"(0) =1

fM(x)=e* = fP(0) =1
f(n+l)(X) — ex

Dit vao cong thic Maclaurin ta ¢é khai trién ciia ham
f)=e

2 +1
x" x" ox

X
e =1+x+—+..+—+ e, 0<0<]
n! (n+1)!
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ii) Khai trién ciia ham f(x)=sinx Ta co
2k+1 k
o 2 [y =(=1) cosx
y" =sin| x + n— | hodc ;
2 y* =(~1) sinx

f(x) =sin(x)

COS X, smx, , C€OsSx;, , Sinx;6 , COSX,

:sinx0+ X— x - X+ X+ X —. ..

—— 1! 2! 3! 4! 5!
56 hang thi nhat — — —_—
s.h thi 2 s.h thi 3 s.h thit 4

Do d6, khi khai trién ham sinx tai x, = 0Ta c6

X 2k-1
§in X = X — =4 —— ..+ (=) ———
3t 5! 2k -1)!
x2k+1
+(-1)* =——— cosfx, 0<O<I;
2k +1)!

iii)Khai trién ciia ham f(x)=cosx
Tuong tuw ta co

2 4 2k-2
CoSX =1 -t (D
2! 4! 2k -2)!
ka
+(=D* 20 cosér, 0<6<1;

iv) Khai trién cia ham f(x)=1In(1+x)
Ta co
f(x)=In(l1+x)=> f(0)=0
Fi(x) = —— = (x+1)" = £'(0) =1
x+1
£(x) = —I(x +1)2 = £"(0) = -1
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£"(x) = (~D)(=2)(x +1)° = £"(0) =2
£ (x) =[(~1)" (n=DI(x + 1) ™= £(0) = (-1)*(n - 1)!

bat vao cong thitc Maclaurin ta co khai trién ciia ham In(1+x)
2 3

()= v ey
n
n+l
+(—1)n X (1+9x)—n+1’ 0<9<1’

n+1
v) Khai trién ciia ham f(x) = (1+x)”
Tacd f(x)=(1+x)*= f(0)=1" =1
f'x)=a(l+x)*"" = f'(0)=a
f'(x)=a(a-1)1+x)*> =£"(0)=a(a-1)

f(x) = a(o—1)(a=2)1+x)"> = "(0) = o (a—1)(0-2)

fPx)=a(a-1)(a-2)...(e—n+1)1+x)*"
=" 0)=a(a-1)(a-2)..(c—n+1)

" (x)=a(a-1)(a-2)..(c—n)1+x)*""
= ") =a(a-1)(a-2)..(e—n)

bat vao cong thuc Maclaurin ta co khai trién ciia ham

f)=(+x)°

(1+x)” :1+ax+a(a'—1)x2+m+a(a—l)...fa—nJrl)xn
n!

N oo — 1)...(OL.— n)

(i) 1+6x)“", 0<0<1.
n+1)!
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Chu y:

a) Trong cong thirc khai trién trén, néu dé bai yéu cau khai
trién 6 s6 hang dau thi ta khai trién toi bac 5 cua x. Nhung néu
dé bai yéu cau khai trién téi s6 hang bac 7 thi d6 chinh 1a sé
hang thu 8.

b) D¢ bai yéu cau khai trién 1 ham sé nao d6 thanh ham da
thirc thi ta chi can dung cong thirc Maclaurin cho nhiing thanh
phan nao ma chua c6 dang da thirc.

ViDU 2 Tim khai trién Maclaurin cia f (x) = (3x2 + l)sin 2x

dén bac 5.

BAI GIAI
3 5
Ta co: sinx=x——+x—+o(x5) =
3t 5!
3 5 3 5
sin2x:2x—@+@+o(x5)=2x—8i+32x +0(x5)
3! 5! 31 !
, 8x* 32x°
Dodo,f(x):(3x2+1)(2x—?+ 5 +o(x5)j
= x—ﬂx3—5—6x5+0(x5)
3 15

c¢) Ngoaira ludn ludn phai dua vé dang chuan dé sir dung
khai trién cua nhiing ham co ban da biét.
VIDU3  f(x)=(x*+3x)sin>x thi ta phai duavé

f(x)=(x* +3x)(%(1 ~ cos2x)j

d) C6 thé ta can tich 1 ham s6 thanh nhiéu ham s co ban
VIiDU 4 Khai trién y= f(x) = In(x +1 dén s hang bac 4.
1+x
_In(x+1)

1+x

BAIGIAI Tacé: y=f(x) ZIH(HD.[(HX)_IJ
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Ta biét: 1n(x+1)=x— lx2 + l)c3—l x4+t9(x4)
2 3 4

. | i
Va m:(x+1) :1—x+x2—x3+x4+«9(x4)
Viy:

£(x)=In(x+ 1).[(1 + x)l]

:{x— ;xz + ;)f—i x4+9(x4)}[1—x+x2—x3+x4+l9(x4)}

:x—;x2 +161)c3 —f;—x“ +6’(x4)
I1. Ung dung ciia cong thirc Taylor va Maclaurin

1. Tinh gin diing gid tri ciia ham
Ta dung céc khai trién dé tinh x4p xi gia tri ctia ham f(x) sau khi
chon n du 16n dé phan du R (x) co tri tuyét d6i khong vuot qua
sai s6 cho phép

VIiDU 5 Lap cong thirc gan dung sd e=?

BAI GIAI
X2 Xn Xn+1
Te e =l+x+—+..+ e™, 0<0<L;
! n! (n+1)!
: . 1 1 / . ,
Khi x=1 ta c6 e=1+1+—+..+—+ .Cong thuc
2! n (n+1)!
nay cho ta tinh e v&1 do chinh xac khong vuot qué( -
n+1)!
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Vi DU 6 Lap cong thirc gan ding sinx khi |x | < % voi do

chinh xac 0,0001.
BAI GIAI
3 5 2k-1
Tur cong thirc sinx =x S (-1 S
31 5! 2k —1)!
x2k+1
+(=1) —=——— cosfx, 0<O<];
2k +1)!
2k+1
i
5)

Khil x| < Z boivi Ry < .
4 2k +1)!

2k+1
Nén ta cin tim k dé (%) <0,0001 (2k +1)!.

Ta thiy ngay rang, néu k > 3 thi diéu kién d6 théa méan véi do

3 5
X

chinh xac 0,0001.Vay sinx = x —; +;

VIiDU 7 Tinh gan dang In(1,5) véi sai s6 nho hon 0,01.

BAI GIAI
xt X 1 x"
Taco6 In(l+x)=x——+——...+(=1)"
seo In(lex)=x-Ta T (Y
n+l
=D+ 0™, 0<O<1;

n+l1
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V6i sai s6 nho hon 0,01 ta chi lay

XX X
‘In(l+x)~x——+—+0(x°
(I+x) >3 (x°)

2 3
©.) +(°’35) =0,4

Nén In(1,5)=1In(1+0,5)~0,5—

2. Tinh gioi han
) . . cos(x?)—xsinx—e™
VIDUS8 Tim Ilim —
x>0 x“smn” x

BAI GIAI
Ta c6 khai trién Maclaurin cta cic ham:

4 8
X

o1
cos(x”) =1 2!+4!

. , xt x°
xsinx=x"——+——...
31 5

2 4 6
—x2 X X X
et =l-—4+—-——+

I 20 3!

Ta dung qui tic ngit bé VCB bac cao giir lai VCB béc thap

Do dé: cos(x?)—xsinx—e ™ = (—l 1 —%Jx“ +0(x°)

2 6
5 0(x°
2 . 2 x4 0(x%) + =)
. _cos(x")—xsinx—e . x*
lim — = lim — lim —=
x>0 x“ s’ x =0 x“sm x>0 (ginx
X
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2.5. UNG DUNG CUA PAO HAM VA VI PHAN
. 0 . o0
I. Quy tac L’Hospital (Khir dang vo dinh 6 hodc —.)
(0.0]
Pinh 1y 1 (Quy tic L’Hospital 1)
Gia st ham f (x); g(x) xac dinh, kha vi tai lan can
xX= a(a € R) , c6 thé trir tai diém a. Néu

limf(x)zlimg(x)zo; g'(x);tOtai lan cdn x=a

X—a xX—a

watim? ) m )y
T " ()
Pinh Iy 2 (Quy tic L’Hospital 2)
Gia st ham f(x); g(x) xac dinh, khd vi tai lan can
x:a(aeR),cé thé trir tai diém a. Néu
limf(x):lxigllg(x):oo; g'(x);tOtai ldncdn x=a

X—a

va lim f'(x) =A thi lim f(x) =A
et
Chi ¥:
a) Quy tic L’Hospital chi c6 chiéu thuan (=) khong c6 chiéu

nguoc lai: ton tai limf(x) — A khong suy ra hmf'(x):A

x—a g(x) x—a g'(x)
!
) ) x’sin—
VI DU 1 Theo tinh chat cia VCB ta ¢ 1im X _0
x—0 X

.1 1

2xsin——Ccos—

nhung khong 3 [im X X
1

x—0
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, , . fix
b) Néu ham f, g thoa man gia thiét dinh Iy va lim / E ))
x—a g' X

~ 0 . .
van con dang 6 hodc — ,vaf’, g’ thoa man gia thiét dinh ly
o0

thi ta tiép tuc ding quy tic L’Hospital.

ViDU 2
3 ) 2
a) lim—>Y  =lim ( ) lim— —im-2* ¢
=0 x —sinx x>0 (x—smx)' 0] —cosx *0s8inx
3x e?’x_l ' 3x
b) lim< lzlim( ) Clim—— 3
=0 arig2x 0 (arig2x)' >0 1 5 2
1+4x*
1
Inx)' -
o tim ™ i U x i Lo

X—>+00 x3 X—>+00 (X3 )' x>+ 3X2 X—>+00 3x3

II. Tim cwec tri
Cho ham y = f(x) lién tuc trén (a,b). Theo dinh ly Fermat

ham chi c6 thé dat cuc tri tai cac diém c6 f '(x) = 0. Piém nhu
vy goi 1a diém nghi ngd c6 cuc tri.

Néu f'(x0) = 0 thi xo con goi 1a diém dung.
Pinhly1 Cho ham y=f(x) lién tuc trén (a,b), kha vi trén
(a,b) diém x, € (a,b) 1a mot diém ding.
Khi d6: a) Néu x bién thién qua x, ma f'(x) d6i dau tir (-) sang
(+) thi xo 1 diém cuec tiéu;

b) Néu x bién thién qua xy ma f'(x) doi dau tir (+) sang

(-) thi xo 1a diém cuc dai;
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¢) Néu x bién thién qua x, ma f'(x) khong ddi dau thi x,

khong 1a diém cuec tri;

Pinh ly 2 Cho ham y = f(x) kha vi dén cip 2 trén (a,b) tai

Xo € (a,b) co [ (xo) =0, f "(xo) #0.
Khi dé néu:a) f'(x,)>0 thix, ladiém cyc ticu

b) f'(x,)<0 thixoladiém cyc dai
Nhu vy mudn tim cyc tri cia ham s6 y=f(x) c6 2 céch:
Cich 1: Dung dao ham cap 1
Budc 1: Tinh f'(x)

Budc 2: Giai phuong trinh f'(x) =0 dé tim diém dimng x,
Budq 3: Lép bang xét dau x, o
a) Néu x bién thién qua xo ma f'(x) doi dau tu (-) sang (+)

thi xo 1a diém cuc tiéu;
b) Néu f'(x) ddi dau tir (+) sang (-) thi xo 1a diém cuc dai;
¢) Néu f'(x) khong d6i dau thi x, khong 1a diém cuc tri
Cach 2: Dung dao ham cép 2
Budce 1: Tinh £'(x)

Budc 2: Giai phuong trinh £'(x) = 0 tim diém dimg x,
Budc 3: Tinh dao ham cap 2
a)Néu f'(x,)>0 thix, 1a diém cyc tiéu.

b) Néu f '(x,)<0 thixoladiém cyc dai

Sau nay khi tim cuc tri ctia cac ham s ta sir dung céach tha 2

la chu yéu.
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BAI TAP CHUONG II
2.1. Tinh dao ham cip 1 cua cac ham sb sau
a) y = xarcsin x++/1-x> b) y:arctanx—l_:x2
C) y=x+x d)y:xx2

e)y:ln‘x+\/1+x2 f)y:ln(lnx)

2.2. Ap dung vi phan cap 1 dé tinh gan dung céac gia tri sau

a) A=Igll b) B =tan 46’
¢) C=arctan0,97 d) D=3/1,02

2.3. Chohamsd f(x)=x"-3x"+x"+2
Tim 3 s hang dau tién ctia khai trién Taylor tai x,=1.
Ap dung dé tinh f(1,003) =7

2.4. Tim khai trién Maclaurin cta cac ham sé sau dén cip duoc
chi ra:

h) f(x)=(2x+1)sin2x déncapn
. 1 .

1 x)= dén cap n

) S (%)= p
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. 1 A A
i) f(x) " dén capn

2.5. Dung quy tic L’Hospital dé tinh cac gioi han sau

3 2 X —Xx
. X —4x +5x-2 . e —e"=2x
a) lim— 5 b) lim————
-l x” —5x"+7x-3 =0 x—sinx
. In(cosx . Inx
c) hmg d) m—
=0 sin2x =0]1+21In (sm x)
. e —sinx—1 . sinx—cosx
d) hm—z e) hm—
x—0 X X*}% 7—4x
. 4x-—sindx . tgx—sinx
f)  lim—— g) hmg—3
x—0 X x—0 X
. A1+2x -3 ) . sinS5x—sin3x
h) Iim—— 1) Im——
x—4 \/; _ 2 x—0 SIn x
) . tanx—sinx o In(1—-x
) lim————— k) hmg
x—0 X x—0 2x
. cosdx—cosx . l—cos2x
n) hrn—2 m) lim——
x—0 X x—0 xsmx
e | . Jl+tanx —+/1+sinx
p) lim q lim 3
x>0 tan x x>0 X
1
. oo Inx » )
1) Jlimx.Inx= lim—— = lim—%~ =—limx =0.
x—0" x—0" 1 x—0" x—0"
X x’
) 1 X.COSX—Sinx . X.COSX—X
) lim|cotgx—— |= lim=————"—"—= = lim~——~=
x—0 X x—0 xXsinx x—0 X.X
) -1 7. si
_ iy CO8% 2 imSnx
x>0 X x—=0 1
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CHUONGII
TICH PHAN HAM MOT BIEN SO

3.1. TiCH PHAN BAT PINH
I. Nguyén ham va dinh nghia tich phan bat dinh
1. Dinh nghia nguyén ham

Ham F (x) dugc goi 1a nguyén ham cua ham f (x) trén

. def
mién D <:>F'(x) = f(x), VxeD.
Chit y: Ho ham F(x) +C, VC =const ciing 1a nguyén ham
cuia ham f(x) trén mién D.
ViDU 1
3

Cho ham f(x) = x*, ho c4c nguyén ham la F(x) = % +C.

Pinh ly
Moi ham f (x) xac dinh va lién tuc trén doan [a, b] thi c6

nguyén ham trén doan do.
2. Dinh nghia tich phdn bat dinh

Tich phan bt dinh ctia ham f{x) trén D 1a

F(x)+C, VC=const véi F(x) lamétnguyén ham ciia him
f(x)-

Kyhigula [ f(x)dx=F(x )+C<:>F( )=f(x).

3. Cdc tinh chit ciia tich phan bat dinh

TC1: If'(x)dx=f x) hay Uf x)dx} )
de =F(x) va jf x)dx = (x)+C
: [Cf(x)dx=C[f(x
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TC4: j[f(x)ig(x)]dx = j.f(x)dxi.[g(x)dx

TC5: [ f(x)dx=[f(z)

dt

TC6: [ f(u)du=F(u)+ c;vdiu=u(x)

4. Bdng cdc tich phan co bdan

l)jadx =ax+c

a+l

X
1+ a)

Z)Ix“dx = +c

3)J‘§dx=1nx+c

4)jexdx =e +c
5)jsinxdx =—COSX+cC

6)Icosxdx =sinx+c

7|

—dx=1gx+c
COS™ X

dx

1-x°

=arcsinx +c¢

8)|

dx
9) Iﬁ =arctgx+c

dx X
10 =Injte—|+c
)'[sinx g2
11| LS VS 2
COSX 2 4

1')'[adu =au+c; u=u(x)

a+l

u

2')Iu“du: +c

1+«
el
3 )_[—duzlnu+c
u
4')_[e”du =e" +c;
5')Isinudu=—cosu+c

6')Icosudu:sinu+c

7')[ —du=1igu+c
cos u
du )
8')j =arcsinu+c¢
1-u’
¢ du
9)]1_'_”2 =arctgu+c
du u
10’ =Injtg—|+c
)'[sinu 82
1] W g+ 1
cosu 2 4
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1
12)_[ =—arctg +c 12 )J larctgz+c
x’ +a a w+a a a
13)[ =—cotgx+c 13" ).[ =—cotgu+c
sin’ x sin’ u
14)|e“dx=a"e" +c  15)[sinaxdr=— "L 4 ¢
a
16)_[ cosaxdx = snax c
a
1 _
) B S Y | Yo}
(x —a) 2a |x+a

IL. Cac phwong phap tinh tich phén bat dinh
1) Phwong phap doi bién so

* Néu x=g(t), o(t) la ham khd vi don digu thi

[£(x)dr=[r(e())o(r)d

# Néu dgt t =y (x), w(x) la ham khd vi, khi do
7w () () de= [ £ (1) .

VIiDU 2 Tinh tich phan sau: [ = I

sin \/—

\/x—
BAI GIAI

pPitt=Yx =>x=1 =dx=3dt va Ix’>=¢

J‘SIH\Fd J.3t .sint

dt

= 3J.s1ntdt =-3cost+C = —3cosi/;+C
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2) Phwong phdp tich phan tieng phén
Pinh Iy
Néu u(x); v(x) I cdc ham kha vi thi khi do

Iud\/:uv—_[vdu

Chi y:  Khi sir dung tich phan timg phan chung ta nén bién d6i
tryc tiép chon u, v sao cho dé tim.

VIiDU3 Tinh [ = je“ sin 2xdx

3x du = 3e3xdx
{u =e

) = 1
dv =sin 2xdx y= _ECOS 2x
1 3 3
I= ——| e cos2x—|3e” cos2xdx
Al J ]
:—l e cost—EJ'e“dsian
2 2

= —l{e“ cos2x —é(e“ sin2x — 3_[ e’ sin 2xdx)}
2 2

= —le“ cos2x +Ee3x sin2x —gje”.siandx
2 4 4

-
1

Vay: 1+2 I:—le“ 0082x+§e3" sin2x+C
4 2 4

=i :%e3"(—20032x+3sin2x)+C'
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ViDU4 Tinh I = J-arctgxdx

I = jarctgnggg = x.arctgx — jxd (arctgx)

u

dv

(1+x )

1+ x°

= x.arctgx — j dx = x.arctgx — _J- d

41

= x.arctgx — —ln( )
Chit y: C6 cac dang dé sir dung cong thirc tich phan timg phan
sau
sin (ax + b)
a) jP(x). cos(ax+b) .dx
—_—

ax+b

" e

dv

In (ax + b)
IP(x). arctgx; arccotgx. dx
—

v larcsin x; arccosx

J

trong do P(x) la ham da thitic hodc ham mii.
VIiDU 5 Tinh trong truong hop tong quat
a)l = je‘”‘ sin bxdx va J= je‘”‘ cosbxdx

b)I:Isin(lnx)dx va J:J.cos(lnx)dx
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Dap s6
a)I:je”sinbxdx =———(asinbx —bcoshx)+C
a +b
va J:je”cosbxdxz ——(bsinbx +acosbx)+C
a +b
b) I:jsin(lnx)dx = ﬁ[sin(lnx)—cos(lnx)]+c
— 2

va szcos(lnx)dx = g[sin(lnx)+cos(lnx)]+c

III. Tich phan mdt s6 ham so cip
1. Tich phan cdac ham phdn thirc hitu ty

Cho ham phan thic f (x) = % 1a ham phan thirc thuc
X

su néu n <m, la ham phan thirc khong thuc sy néu m = n.

A dx:Aln|x—a|+C
xX—a

Dang I: I
DangllI:

A 1 -m
j dsz_[ dszI(x—a) dx

(x—a)’ (x—a)’

I-m
= M+C (‘v’m;tl)
1-m
Dang III Tinh I%dx (A=p2—4q<0)
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Ta bién doi nhu sau:

2 2
Cpxtg=|x+L| 4] g-L
pxrtq ( ) q 4

t=x+£:>x=t—§ va dx =dt

Dt : ,
i p
o M(r 2) MH[ _f‘gpj
X
'[(x +px+q '[ r+a I r+a dt
¢ Mt M, dr _Mp); dt
J.t +a’ [ 2}'[t2+a '[t +a’ ( 2}'[t2+a2
:%ln(z‘ +a ) + ( —@Jl arctg +C
2 2 Ja a
Vay
Mx+ N
I : dx
(x +px+q)
M 2N —Mp 2x+p
:—ln(x2 +px+q) + ————arctg——==+C.
2 Vaqg-p’ Jdg-p’
Pinh ly

Moi da thirc bac n vdi hé sé thuc
Po(x) = ag + a1X + aX> +vevret ap X" + anx (a, # 0) ludn
luén phan tich dugc thanh tich cac thira s6 1a nhj thtrc bac I}hét
va tam thire bac hai khong c¢6 nghiém thuc (trong do co thé co
nhiing thtra s6 trung nhau). Nghia la:
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R,(x)zan(x—a)a(x—b)ﬂ. .. (x2+px+q)g. ) .(a+,6'+ ) ..+9=n)
E(x)
Q,(x)

thanh tong cua nhitng phan thirc tbi gian.

Khi d6 moi ham phan thirc c¢6 thé phan tich duoc

P (x) A A Bx+C

n

= —+ gt et —+
0,(x) (x-a)" (x-a) (x*+px+q)

Viéc lay tich phan ¢ vé trai thi ta dwa vé viéc 1y tong cac tich
phén cua cac phan thuc toi gian ¢ ve phai.

, 1
ViDU6 Tinh I = d
' . &x—DQﬁJXﬁ+3)X
BAI GIAI
Taco
1 _ A N B Cx+D

(=D +1)(x+3) (x-1) (x+1) x*+3

_(A+B+C)x’+(A-B+D)x*+(3A+3B-C)x+(3A-3B-D)

(x=1)(x+ 1)(x2 + 3)

Dong nhét hé s6 ta dugc

A+B+C=0

1 1
A-B+D=0 A=3  B=73
“13443B-C=0 1
B C=0 D=—
3A-3B-D=1 4

A

Vay
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1

1—__ _2 L
8 '[x+1 J.x +3
15
B PTG
° ’ 3 (XJ +1
V3
_l —x 1 ——=aqarct
8 |x+1 4[ g[
, x> +1
viDU7 Tinh [= d
o j(x—1)3(x+3)x
BAI GIAI
Taco
x> +1 _ A N B N C .\ D
(x—1)3(x+3) (x—l)3 (x—l)2 (x—l) (x+3)
Pap s6 A:l B:E C:i D:_i
2 8 32 32
Vay

dx 3 dx 5 dx 5 ¢ dx
__J. +_'[(x—l)z+3_2j(x—1)_3_2J.x—+3
1 3 5

=- - —1
4(x-1) 8(x-1) e

x—1
x+3

+C.
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2. Tich phén cac ham luwong gidc
Dang I:  Lay tich phan caa ham f(x) = R(Sin X; Cosx) la
ham hitu ty theo sin va cos thi phuong phap chung dat

X 2dt
r=tg— —T<x<rm) =dx=d(2arctgt)=
Cac cong thirc lugng gidc can nhd

. 2t 1-¢
sinx = ; COSX= X
1+7 1+7
ViDUS Tinh 7= ,dx va J=| d
sin x COSX
BAI GIAI
X
it 1=1g7 (-m<x<r)
2dt 2t
= dx =d(2arctgt) = va sinx =
( $t) 1+¢ 1+
dx 1+17 2 du X
I= = . dt =|—=Inju|+C =In|tg—{+C.
Vane =1 =l =t 3
Tuong tu
T= dx =Tnlrg| Z+2 |+C
CcoS X 4 2
. ) dx
viDU9 Tinh [=[—
4sinx+3cosx+5
Ta dat
2dt
tztgg (—7z<x<7z):>dx=d(2arctgt)=1 .
+1

81



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

I:J' dx
4sinx +3cosx+5
2
_ 1+7 _ 2
_I4 o (1-7) Sdt_12t2+8t+8dt
1+ T 1+7 "
=IL2=—L+C=—;+C.
(1+2)  1+2 tg;+2

Truwong hop dac biét
e Néu ham f(x)=R(sinx; Cosx) 1é theo ham cosx thi
dit r=sinx
e Néu ham f(x) =R(sinx; Cosx) 1é theo ham sinx thi
dat r=cosx
e Néu ham f(x):R(sinx; COS)C) chin theo ham sinx;
cosx thi dat

t=tgx hodc t=cotgx
viDU 10 Tinh I :J‘sinzxcos3 xdx .

BAI GIAI
Ta nhan thay ham dudi dau tich phan la ham 1¢ doi vdi cosx
n - ) ) 1
nén ta dat: r =sinx = x =arcsint = dx = - dt
11—t

Suy ra
I=[sin® xcos' xdx = [¢*(1-¢*)dr = [(£* - 1" )dt
:§_§+C:sir§x_si1155x+c
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dx

viDU 11 Tinh [=[—"-——
sin x.cos2x

Huéng dan giai

Ham du6i dau tich phan 1a ham 1¢ d6i voi sinx (khong phai 1a

ham 1¢é ciia cos2x) nén ta dat

1
1-7

t=CcoSx = x =arccost = dx=— dt

dx

viDy 12 Tinh I=[————
SiIn xXCoS x

Huéng dan giai

Ta nhan thdy ham dudi du tich phan 1a ham chin d6i véi sinx

va cosx nén ta dat:

t=1gx = x=arctgt =>dx= -dt
I+1
. 2 1
bapso [=tgx———-——+C.
tgx 3tg'x
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Dang 2 Tich phan dang tich ta luén phai dwa vé dang tong
I = Isin axsinbxdx;J = .[sin axcosbxdx;K = jcos ax cos bxdx
St dung cong thirc lwong giac bién doi tich thanh tong:

COSX.COSY = %[cos(x —y)+cos(x +y)]
L 1
sinx.siny = E[cos(x —y)—cos(x +)’):|

SINX.cosy = %[sin(x —y)+sin(x+y)]

VIiDU 13 Tinh I:J.sian.cosSxdx

BAI GIAI
sin2xcos5x = %[sin(Zx —5x) +sin(2x +5x) | = %[ sin3x +sin 7x|
1= ! [ js1n3xdx+'[51n7xdx] l lc0s3x—l l cos7x+c

2 23 27

3. Tich phdn cac ham vo ty
Cac ham vo ty c6 dang

I :J.R(x,\/a2 —xz)dx hodic J=J‘R(x,\/x2 —az)dx
* Néu jR(x,\/x2+a2)dx thi dat
_ 2
— tdt a(l+1g°t)dt

* Néu J.R(x,\/x - )a’x thi dat

o . o
xX=——  hodc x=——-
cost sint

xX=q.tgt =dx=
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, X =qasint
* Néu _[R( a’—x )dx thi dat

* Néu jR(x,\/axz +bx+c)dx a#0

+ Néu a>0 dat Vax’+bx+c=t*t+ax
+ Néu ¢>0 dit vax’ +bx+c=tx+-/c

+ Néu ax’ + bx +c =0 c6 2 nghiém la:

a(x—x)(x-x,)=0

thi tadat Vax’ +bx+c=t(x—x,)
Vva' - x’

viDy 14 Tinh I=[~———dx (a>0)
X

X = COSt.

BAI GIAI

) .. T T
bit x =asint VvJi —ESISE; = dx =acostdt

va Na® —x* =\Ja* —a®sin®t =a‘cost‘ =acost

[ 2 2 2 L)
Izj—a —X dxzj‘a.cc,)s tdt =aj—1__81n tdt
sint sint

1= a{j——'[smtdt} =aln

St
Ta tr& lai bién x ta co

+acost+C

tol
“2

. i X ¥ Jdi—x
X=asint = sinf=— =>CoSt= 1——2 =
a a a
va
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a —x
tgt_l cost a _a-~Na-x
2 sint X X .
a
Vay

NI

X

[ 2 2
NG =X Ly Ja - +C.

dx =aln

-]

Cic tich phan cin nhé

X
= arcsm +C

a) J‘\/i
2
b) I\/a2 —x’d =§\/a2 —x’ +%arcsin£+C.

a

+C

‘x+\/x2 +a’

C)Im

d)

2
_[\/X +a’ dx——\/x +a’ +71n‘x+ xta

j ! ol +larctg£ +C
© (x +a) 28| P d a a '

+C

86



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

3.2 TiCH PHAN XAC PINH

I. Pinh nghia tich phan xac dinh
1. Bai toan dién tich hinh thang cong
Cho ham f(x) xac dinh, lién tyc trén [a, b] Xét hinh thang

cong aABb. Ta chia doan [a,b] thanh n doan nhé boi cac diém
chia:
X, =a<x,<x,<...<x_ <x,<...<x, =b.

(xl. tuy Chon) (phép chia nay con goi la phép phan hoach).
e bat: Ax,=x, —x (Vi =1,_n)

e Ham f (x) x4c dinh va lién tuc trén [a,b] nén dat gia tri
16n nhét, gia tri nho nhét trén [xH , X, ] lan luot 1a:

M, = max]{f(x)}, m, = min {f(x)}

xe[x;_;.x; el
= miéf(fi)SMi, v e[xil, ] Yi :UL
= mAx, < f(E)Ax, <MAx,, VEe[x ,x]; Vi=ln

:me <Zf( ) Ax, <ZMAx VE e[x,,.x ]

Vo
N Sy N

Tagoi S, S dugc goi la tong trén va tong dudi
Ta sé& liy gi6i han ca 3 vé khi n — o0, va max Ax, — 0

lim ZmAx =S va lim ZMAx =S

magixoo—)O i=1 l’ﬂg\ZZXwﬁO i=1
Do d6 theo gidi han kep ta co
lim Zf( )Ax, =S (S hiu han)

n—0 1
max Ax; -0 i=
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S dugc goi la dién tich cua hinh thang cong aABb.

Chiiy: Tong S, — S dong thoi kéo theo max Ax, — 0
Gi61 han trén khong phu thudc vao cach phan hoach (hay cach
chia doan [a,b] boi cac diém chia X,;) va cach chon diém

& e[ X ]
2. Dinh nghia
Cho ham f(x) xac dinh, trén [a,b], chia doan [a,b]
thanh n doan nho baicac diém chia:
X, =a<x <x,<...<x_<x,<...<x, =b.

(xi tuy Chon) Phép chia nay con goi 12 phép phan hoach.
o Dit: Ax,=x,—x,, ; lay &e[x ,x]; (Vizl,_n)

e Lap tongtichphan I :if(éj,)m,

e Khi d6 gigi han lim/ =1, S dugc goi la tich phan xac

dinh cia ham f(x) trén [a,b], va ta ky hiéu: I:jf(x)dx

va ltic d6 ta néi ham f (x) kha tich trén [a,b)].

3. Cadc tinh chdt cua tich phdn xdc dinh

a) Ham f(x) c6 mot sé hiru han céc diém gian doan loai I
trén doan [a, b] thi kha tich trén doan do.

b) Néu ham f(x) va g(x) kha tich trén [a,b] va
o, B € R thi:

I[af(x)+,8g ) |dx = ajf dx+ﬂjg
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b a
D) jf(x)dx:—jf(x)dx_
a b
d)  Néuham f(x)va g(x) khatichtrén [a,b] va

f(x) > g(x); Vx e [a,b]thi: jg(x)dx < j[f(x)dx

b c b
e) If(x)dx=ff(x)dx+ff(x)dx, ‘v’ce[a,b].
4. Bjn;t Iy gid tri truang binh C
Néu ham f(x) lién tyc, kha tich trén [a,b] thi
b
Elce[a,b] sao cho: If(x)dxzf'(c)(b—a)

Chiiy *Néuhamsé f(x) laham1é thi jf(x)dxzo

“Néu ham s6 f ()12 ham chiin thi | f(x)dx =2 f(x)dx
—-a 0

II. Cong thirc Newton — Leibnitz)
Pinh Iy
Néu ham f(x) lién tyc, kha tich trén [a,b] va F(x) la

nguyén ham cda no thi

[£(x)as=F(x). =F(b)~F(a)

ViDU 1
3 3
= 2—+3.2 - 1—+3.1 =E
1 3 3 3

i(x2+3)dx:[§+3xj

1
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II. Cac phwong phap tinh tich phén xic dinh
1. Phwong phdp doi bién sé

Pinh Iy 1 (Ddi bién x-(p( ))
b
Xét tichphan [ f(x)dx véi f(x) lién tyc trén [a,b]

Gia str thye hién phép ddi bién x = ¢ () thoa man:

i) (p(t) co dao ham lién tuc [a,ﬁ]
iiy ¢o(a)=a: o(b)=p
iii) Khi t bién thién [a.pB]| thi x=g(t) bién thién [a,b]

Khi 6 if(x)dx:ff[gp(t)]ﬂt)j

dx
VIiDU 2 Cho

In:icos"xdx va anfsin"xdx (VneN)
0 0

Hay ching minh ring: [ =J
Ching minh

~ ~ ~ 72- . N
That vay ta dat XZE_I = cosx =sint va dx=-dt

2. A T T
Poicin x=0—>t=—; x=——>1=0
2 2

Khi @6

2 0 T
1 :jcos”xdx:— jcos” ——t|dt =
n 0 2

sin"tdt =J ;(‘v’n € N)

o-—.wm

1N
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3
ViDU3 Tinh I=J\/9—x2dx
0
BAI GIAI
bat x =3sint = dx = 3costdt

x=0=¢r=0

x:3:>3sint:3:>t=§

A 7
1= J.\/9—9sin2 t.3costdt=9j cos’ tdt
0 0

A )
I=9II+C082tdt=9 £+sm2t
0 2 2 4

Dinhly 2 (Déibién 7=¢(x))

%972'

0

b
Xét tich phan If(x)dx voi f(x) lién tyc trén [a,b]

Gia st thuc hién phép doi bién £ = (p(x) thoa man:
i) (o(t) bién thién don diéu ngdt va cé dao ham lién tuc [a,,B]
ii) f(x)dx tré thanh g(t)dt:g(t) lamot ham s6° lien tuc

trong khodng dong [(p(a), (p(b)] thi :

, 1 dx
Vi DU 3 Tinh Izj

Sx*=2xcosa+1

(‘v’a € (0,72'))
BAI GIAI

91



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

1
x> =2xcosa+1
trén [—1,1] .ta thue hién phép di bién s6 sau
t=x—cosa = dt =dx
Doi can :
x=—l>t=-1-cosa va x=1->t=1-cosa
Khi @6
1 dx 1—cosa dt.
I=[—

Do 0<a <7 ham f(x)=

lién tuc

Sxt=2xcosa+1 .t +sin‘a

1 { 1—cosa 1+cosa}
= arctg———+arctg——

sinx sinx
B 1 a+7z a)|
sinae\ 2 2 2 2sina
. 2In2 dx
VIiDU4 Tinh [ = j
m e -1
BAI GIAI
Ta thém,bdt
; 21.'512 dx 2lj.‘2—(€x—1)+€xdx 21j_12 | o p
me —1 n2 e —1 n2 e —1
o m2d(et —1 212
=—x[ " + j(—) = —2In2+In2+1Infe" -1
In2 e ex_l In2

:—1n2+1n\e21“2 —1\—111

em_l\: —ln2+ln3:ln%.
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2. Phwong phap tich phin tirng phin

Cong thire Iudv = uv‘ . J.a vdu

K

VIDUS5 Tinh [= j

;zCOS X
3

X.sin x

dx

BAIGIAI , i
Ta nhan thay ham dudi dau tich phan 1a ham chan
Vi vay

7Z' T

I J-xsmx jxdcosx
COS X v COS X

3

x oz

3 1 1 P 3 dx
= 2Ix.d = 2| x —I

0 COSX COSX 5 COSX
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3.3. TICH PHAN SUY RONG

I. Tinh tich phan c6 cén 1a v6 han

(Tich phan suy rong loai I')

1. Dinh nghia

a) Gia st ham f (x) xac dinh trén [a,+o0) (a hitu han),
f(x) kha tich trén [a,b],a <b<+o . Tich phan suy rong
loai I ciaham f (x) trén [a,+0) dugc ky hiéu:

Tf(x)dx = limjif(x)dx

b—0

e Néu giéi han 13 hiru han thi tich phan J. f dx duogc goi

la hoi tu.
e Néu khong ton tai gidi han hodc 1a gidi han vo han thi tich

phéan jw f(x)dx duoc goila phanky.

b) Tuong tu jlf( dx—hmff

a—>—x0
—0

c)If( Jdx = If( )dx+If( )dx
_alggjf( )dx+1imjf( )dx; (a<c<b)

b—+o

Tich phan vé trai ton tai va hoi tu khi va chi ca 2 tich phan &
v¢ phai ton tai va hoi tu.
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VIDU 1 Tinh cac tich phan suy rong sau

T odx ® dx T odx
a) I = ;o b)I. = ;o) =
) 1, '([1+x2 ), _'[01+x2 ) _'[01+x2
BAI GIAI
a)
T odx . odx )
I = =lim = lim(arcte(b)— arctg(0
! ;[1+x2 b%+°°z[1+x2 IHW( 8(b) 8 ))
T 7
2 2
b)
® dx ° dx
I = =lim =lim (arctg(o)—arctg(a
g _'[01+x2 “*—“3'[1+x2 "—"‘*’( 8(0) 8 ))
s T
—0—(-2) =2
( 2) 2
® dx T odx T T
I = + = —+—=r.
) J;1+x2 £1+x2 )

Chi y: Néu it nhit mot trong hai tich phan I, hodc I,
phén ky thi tich phan I phan ky.

] Tdx
VIDU 2 Xét sy hoi tu hay phan ky cua tich phan [ = —
X

BAI GIAI
Trudng hop o #1

+00 l-a b b Ia ll_a 400 né’u a< 1
Izj@ﬂimx— = lim () _ 1 ] ,

lx" ba+eo1_al b+ l_a l_a néua>1

a—1

95



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

Truong hop a =1

e dx
I=|—=

. x b—+o0
Vay tich phan T hoitu khi & >1va phanky khi a <1.

b—>+o0

VI DU 3 Céc tich phan ruy rong sau c6 dap s tong quat 1a
b

(asinbx+bcosbx) =—
a+b

I = je sinbxdx = lim —
L~>+ooa +b .
J= je “ cosbxdx=1im (bsinbx—acosbx) F = 2a 5
a +b

c—>+0 a _|_

2. Cdc tiéu chudn héi tu
a) Truong hop 1 (Ham f(x) 1a ham khong am)
Pinh Iy 1 (Tiéu chuin so sanh 1)

Cho 2 ham s§ f(x)va g(x) 1a2ham khong am trén
[a,+0), kha tich trén moi khoang hitu han [a,b] va
g(x)Zf(x)ZO, Vx2>a
Khi d6

- Néu j glx dx hoi tu thi j f dx hoi tu.

- Néu jf(x)dx phan ky thi jg(x)dx phan ky.

Chii y:

1)
[ f(x)dx thi
( ), Vx>a ma viéc xét sy hoi tu cua tich

OSf(x)Sg X
96

O ménh d¢ 1 mudn xét sy hdi tu cua tich phan

ta danh gia  ham g(x) sao cho:



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

phan [ g(x)dx d& thyc hi¢n, va két qua la hoi ty thi ta két
luan tich phan j f (x)dx héi tu. Nhung nguoc lai néu tich

phan I g(x)dx phan ky thi chung ta khong co két luan gi.
2) O ménh dé 2 mudn xét sy phan ky cua tich phan

Tg(x)dx thi ta danh gia ham f(x) sao cho:
0< f(x)<g(x), Vx2=a matich phan Tf(x)dx két qua
1a phéan ky thi ta két luan tich phan Tg(x)dx phén ky. Nhung

nguoc lai néu tich phan j f (x)dx hoi tu thi chiing ta cling
khong co két luan gi.
3) Cac tich phan [ sinxdx va [ cosxdx phan ky vi
0 0
khong ton tai lbim sinb va lbim cosbh.
Pinh Iy 2 (Tiéu chuin so sanh 2)

Cho 2 ham s f(x) va g(x) la 2 ham khéng am trén
[a,+o0), kha tich trén moi khoang hitu han [a,b] va
. X
lim f( )
x>+ g( X)

=K thi
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- Néu K =0 vanéu tichphan [ g(x)dx hity thi tich

phan +joof(x)abc hoi tu

(nghia la g(x) la vo
f(x)

cung 16n bac cao hon vo cung 16n
- Néu 0< K <00 thi khi d6 tich phan | f(x)dx va tich
phén J- g(x)dx cung phan ky hodc cung hoi tu
- Néu K =+00 va tich phan [ g(x)dx phan ky thi tich
phan I f (x)dx phan ky.

VIiDU 4 Xét sy hoi tu ciia cac tich phan sau

+2 ln(l + x) T x.arctgx
—2d b) | ——=d
9 J; X * ) J; NIES )
° dx T dx
O e @ Ly (> 09A)
BAI GIAI
N +jfln(1+x) g
1 X
Ta nhan thay:

1n(1+x)>1, Vx22 = 1l+x>e=>x>e—1>0
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X X

BO MON TOAN

+00

dx
Ma ta c6 tich phan [~  phan ky

“In(1+x)
=

SS1
= thi tich phaan

dx phanky.

1
‘C x.arctgx
b |

X
1 \/1+x3

Xét 2 ham khong am
xarctgx
fx)=

1
>0 va xX)=—= 20 Vx2>1
V1+x° (%) Vx

Ta xét Lim Flx) _ lim ~4r<i8x [ =

SR g(x) e e

1
Ma ta di biét hian ky |via=—<1
g5 phan s =3

v

%z K e (O,+oo)

582 +00

=tich phdn '[ xarcigx dx phan ky.
1 1 +x°
o) T’ dx
1 \/1+X\/3 1+x°
1 1 1
Ta co: =—

< =
\/1+x{/l+x2 \/;3/;

ma tich phan jd—)f hoi tu (vi %>1J

l.x6
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S§1 +
= |
1

dx hoi tu
Ji+xdt+2

o [—E _ (a>0vp)

o x “In” x
Xét ham

+00 d
ma I _xa phdn ky
2 xl’E
8§52 +o0 dx
= _[ = Phan ky
> x “In” x

Vay tich phan | ———

! x™In’ x

phan ky.

b) Truong hop 2:  Ham f(x) c6 dau bat ky
Pinh 1y 3 (vé su hji tu tuyét doi)

- Néu tich phan [ | (x)|dx hoi tu thi [ f (x)dx hoi ty
(chiéu nguoc lai 1 khong ding). Khi do, ta ndi rang tich phan

Tf (x)dx hoi tu tuyét doi.
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- Néu tich phﬁnj f (x)dx hoi ty ma tich phan

ﬂ f(x)|dx  khong hoi tu thi ta goi tich phan f f(x)dx 1a
baéln hoi tu.
Chii y:

1) Mudn xét su hoi tu cua tich phan ham f ( ) c6 dau

bét ky thi ta khong c6 dinh 1y nao dé ap dung ciing nhu tinh
tryc tiép bang dinh nghia gip kho khin, luc d6 ta chuyén vé

viée xét tinh hoi tu cua tich phan trj tuyét ddi 1a j f (x)|dx thi
lai chinh 1a tich phan cua ham khéng 4m, ta s& c6 cong cu dé
lam.

2) Dinh nghia trén chi co chiéu thuén, khong co chiéu

nguoc lai tac 1 tich phan I f (x)dx hoi tu thi khong suy ra
duoc tinh hoi tu cua tich phan j ‘ f (x)‘dx . Nhung tich phan

Tf(x)dx phan ky thi ta suy ra dugc tich phan T‘f(x)‘dx
pzilﬁn ky. a

Hon nita tich phén T‘f (x)‘ dx phan ky thi ta cling khong suy

ra dugc tinh hoi tu hay phan ky cua tich phan I f (x) dx
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II. Tich phan cho ham khéng bi chin
(tich phan suy rong loai 2)
1. Dinh nghia
a) Gia st ham f (x) x4c dinh va kha tich trén moi
[a,b—¢], Ve>0 bé tuy ¥ va khong gidi ndi khi x —> b (b
dugc goi 1a diém bat thuong hay 1a diém ky di), tich phan suy
rong loai 2 cta ham f(x) trén [a,b].
b b—¢
Kyhiu: [ f(x)dx =lim | f(x)dx

=0
b
e Neéu gidi han 13 hitu han thi tich phan _[ f (x )dx dugc goi

la hoi tu.
e Neéu khong ton tai gi61 han hodc 1a gidi han vo han thi tich

b
phan j f (x)dx duoc goi 1a phan ky.

b) Tuong tu if(x)dx :lir({} i f(x)dx;
(a la diém bf’ft thuong)

¢) Tuong tu _}ff(x)dx :liror} _L[ f(x)dx+lirglbff(x)dx;

(bvaa la diém bat thudng).
d) Tuong tu

jf(x)dx =1irglcff(x)dx+1im j f(x)dx:

-0

(c 1a diém bat thuong)
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VIiDU 5 Tinh céc tich phan suy rong loai 2 sau

f dx
fﬂ v ]

1-x°

¢ dx
d) |— khi a>0
© '[ 11— x? : !X l
BAI GIAI
a) '[ = lim dx = lim (arcsmx )
11 —x? 20 A= x? 20 e

= lim[arcsin 0 —arcsin (—1 + 5)] = %

&0
(diém x= —1 1a diém bat thuong hay con goi la diém ki di)
b)

j. dx = lim|arcsin

= X
2 &—0

0 \/1 — X

(d'ém x=1 la diém bét thuong hay con goi la diém ki di)

‘”m |5l 35

d)

S)zlim[arcsin(l - 8) - 0} :%

&0

+o0 khi a>1

1 ki 0<a<t
-«
‘ . 1 1 d
Khi =1 thi j——hm ——hm(lnl Ing)=0

&0
0+¢ X
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tdx '
Vay tichphan [—  phankikhi @ >1va
0o X

hoitukhi O<a<l1
VI DU 6 Xét sy hdi tu cta cac tich phan sau

t o dx
a)'[—a;(a<b;a>0);
(b=x)
© dx
b) [———. (a<b;a>0)
+(x-a)
BAI GIAI
a) Ta thdy x = b 1a diém ky di,ta co
TH1: a#1

2 dx o dx [ - "
I— =lim | —— =lim

— _ limgl—a — né,u 0<0(<1
a-1 —q 0 - ,
+00 neu l<a
—1 l-a
lim [51‘“ —(b —a) ]
1_a &—0
TH2: a=1
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b—gj|
a

[ I ) :—lim[ln(b—x)
omay 0 g
=—£j£13[lng—ln(b—a)]:+w
j‘ (b_a)l—a
Viy | —2=| a-1

(=) +00 néu a>1

néu 0<a<l

¢ dx
Nén tichphan [——— hoitukhi 0<a <1 va

Phanky khi o >1.
© dx 2 :
b) Tuong tu tich phan I(—a codiemkydila x=a
a X—da

t dx
thi j—a hoi tu khi O<a <1 va phin ky khi
a>1.
‘ . e A r2x
VIDU 7 Xét sy hoi tu cia cac tich phan sau I—dx
0 1—x2
BAI GIAI

A A ( 2x < R A
Ta thay tich phan j—dx c6 diém bat thuong la x =1,
0V 1—x ?
nhung bang phép d6i bién sau thi ta s& dua tich phan trén vé
dang tich phan binh thuong (khong phai loai suy rong).
That vay

bat  x =sint xdc dinh trén [O,c]; trong d6 c € (0,1)
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t=arcsinx = dt = dx

1-x’
Pdican x=0—>>1=0; va x=c—>t=arcsinc

Vay
T
arcsinc 2

d 2
dx = lim | 2x. =lim 2sint.dt =|2sint.dt
[ mfor et i -
Tich phan cubi cung la mot tich phén thuong, ham s6 hoan toan
xac dinh trén doan lay tich phan.

2. Cdc tiéu chudn héitu ( gia sivx =b la diém ky dj)
a) Pinh 1y 1 (Tiéu chuan so sanh 1)

Cho 2 ham sé f(x) va g(x) 142 him khong am, kha tich
trén moi khoang hitu han [a,c),(aSc<b) va
g(x)2f(x), Vx=a Khide:

b b
- Néu J.g(x)dx hoi tu thi J.f(x)dx hoi tu

- Néu I f dx phan ky thi j glx dx phan ky

b) Pinh Iy 2 (Tiéu chuan so sanh 2)

Cho 2 ham s6 f(x)va g(x) 1a 2 ham khong am, kha
tich trén moi khoang hitu han [a,c), va (aSC<b)
lim M
= g(x)
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b
- K=0 va néu tich phan [g(x)dx hoi ty thi tich phan
b

jf(x)dx hoi tu

(nghiala g(x) 1a VCL bac cao hon VCL f(x))

- O0<K <400 thi khi dé tich phan J. f dx va tich
phan J.g dx cung phan ky hoac cung hoi tu
b
- K=o wva tich phan I g(x)dx phan ky thi tich phan

b
jf(x)dx phan ky.
¢) Pinh 1y 3 ( vé sy hoi tu tuyét doi)
b
Néu tich phan suy rong loai 2: H f (x)‘ dx hoi tu thi
b

,ff (x)dx hoi tu, nguoc lai khong ding

b
Va luc d6 ta noi rang tich phan _[ f (x)dx hoi tu tuyét doi

b b
Con néu tich phan jf(x)dx hoi tu ma tich phan Hf(x)‘dx

b
khong hoi ty thi ta goi tich phan [ f(x)dx 1a ban hoi tu.
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Chu y:

1) Ciing twong tu nhu cha y trudng hop tich phan suy rong
loai 1

2) Tich phan c6 diém bat thuong 1a a thi hoan toan tuong
tu.

3) C6 nhiéu tich phan suy rong chira ca 2 loai tich phan
(loai 1 va loai 2)q thi bp(f)C chung ta phéi tach ra thanh 2 loai tich
phan tai dung diém bat thuong d6.Chang han

I f(x)dx; ham khéong xdc dinh tai x = b € (a,+x)

Ta co: jf )dx = jf dx+Tf(x)dx

ViDU 8 Xét su hoi tu cua cac tich phan sau

L Froee

b) J = +Jioxexdx

0

1 dx ! dX

| 2 Jx -1
BAI GIAI
a) [ =

I\4/1 x’
Ta nhan thiy x =11a diém ky di,
L _ 1 <1 vreq

- (+x)o (1= (1-x)%
j LV hoituvi a = % <1 nén theo tiéu chuan so sanh 1 thi

o(l—x) 4

tich phan I hoi ty.
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b) J = j xe “dx
0
Ta nhéan thiy x=2 1a diém ky di

B © dx +3 dx ++°° dx
‘[2 x) "‘(Z—X)3 ‘!‘(2—x)3 ‘!‘(Z—x)3

0

2
Ta thdy tich phan I 5 dx — phan ki vi & =3>1 nén tich phan

0 —

J da cho phan ky.
¢ dx
c) E=
'([e& -1
Ta nhan thdy x =0 1a diém ky di,
1
Va ta co: f( ) > 0; Vxe[()l]

-1

o
Xét ham g( )2% ta co

£(x) f

Iim—+%=1lim

hoi tu
x—0" g(x) x—0" e

0'—;'—
>

552

= tp E hoi tu.

f 1

, 1
Ta thay ham f(x) = \/_ . la ham nhén gia tri Am trén
x p—

d)Fj

mién 1y tich phan, do d6 ta phai chuyén vé tinh tich phan cua
ham
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1
_f(x)_l_\/;
Suy ra Fz—j dx

2 1—+/x

Xét ham khong am g(x) =

>0, VO<x<1

1
1—-x

>0 Vxe[0,])

Taxét tim —F ) _jip 1%

x—1" g(x) x—1" 1 _ \/;

1
Ma ta da bi€t jlﬂ phan ky (vi a=1)
nl—x

=2=K€(O,+oo)

882

1

dx
= tich phdn F =— phan ky.
!1— Jx
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BAI TAP CHUONG III

3.1 Tinh cac tich phan sau

2

a)l:j(lfx)gdx b)J:j\/fT
) K = Ixe"‘dx d) L= j x cos xdx
&) M = jx” f) N = j )IOO dx
3.2. Tinh cac tich phan dang phén thiic sau

2
a)]:jxj‘+1dx b) J = Imdx

3.3. Tinh cac tich phan dang luong giac sau
a) [ =[(sinSx—sin5y)dx  b) J=[sinxsin(x+y)dx

1
c) K:Icosicosfdx d) L= _[ +cosxdx
2 3 sinx—1
sin x
e) M = |sin xcos® xdx N = dx
) I ) Icoszx—2cosx+5

3.4. Tinh cac tich phan dang ham v6 ty sau

1 1
a) [ = | ——=dx b) J=|—=———dx
J\/3)8—2 I«/E(x+1)
3.5. Tinh cac tich phan x4c dinh sau:
a) I = ;d b) J:jL
o X +4x+5 1)C(1+11’1)C)
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In® xdx "
)K= J. d)p:jxedx
0
3.6 Xét sy hoi tu cua cac tich phan suy rong sau
a) A= j b) B= j 2dx
x+4) x+4
¢)C= I xdx d) Dzj xabc4
x+3) 4 1+x
E= F=
© jxln X b J’xlnx
g) G= Ixe_xdx h) H = Ixezxdx
0
. +o0 ¥
W o=t
| e 2o (1+x )

k) K = }xe"dx

m) M = j

_w(1+x )2

+00

n) N = jcosxdx

0

p) P= j)' xe " dx

3.7 Xétsu hdi tu cia cac tich phén suy rong sau

t dx
a)A:'([(z_x)2
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£ 2x ¢ xdx
c)C= dx d) D=
J(:\ll—x2 J; 1-x°
1/3 e
3dx dx
e) E=| —— f) F=
1'/[6 \J1-9x? '!.x\3/1nx
1 1/2 dx
g) G = [ xIn’ xdx hy H=[—=
0 v XIn” x
i) I:j dx i) J:j-xlnxdx
1 xInx 7
3.8 Xét su hoi tu ciia cac tich phan suy rong sau
g
dx ' odx
a)d= J’ b) B= | j
xIn® x S X —2 (x+1)
3.9 Khao sat sy hoi tu ciia cac tich phan suy rong sau
Tox-1 dx
aA)Ad= | ———dx b) B= | ——
-z[x3+2x+2 J;x\/1n3x+2
2 1
1 x
c) C= dx d D= dx
!\/xz—l }[\/x3(x—2)(x+l)
x+1 v 2
e) E = j dx ) F= j(l—cos—)dx
\/ 2)(x+1) f X
+0 1
G= h) H=| ——d
e Ifgx X : '!.x\/1+x3 )

+00 1

hI= '! xV2+x

dx
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CHUONG IV o
PHEP TiNH VI PHAN HAM NHIEU BIEN

4.1 KHAI NIEM HAM NHIEU BIEN SO
1. Dinh nghia
1. Mién phing
- Cho tapE # &, ta goi bién cua E 1a tap hop tit ca nhimng diém
ma hinh tron tdm tai d6, ban kinh bat ky déu chira nhiing diém
thudc E va chira nhimg diém khong thudc E. Ki hiéu: OF .
- E goi 1a dong néu E chua tt ca cac diém cuadE ; E 1a tip mo
néu E khong chira bién ciia E.
- E goi 1a lién théng néu véi 2 diém bat ky cta E déu co thé thé
nbi véi nhau bang 1 duong lién tuc trong E.
- E goi 1a 1 mién néu E mé va lién thong. E goi 13 mién dong
néu E dong va E\ OE 14 1 mién.
- E goi 1a bi chan néu ton tai hinh tron S ban kinh R < 400 sao
cho EcS.
Vi DUI

a) Hinh tron, da giac, ... khong ké bién 1a 1 mién; ké ca
bién 13 1 mién dong.

b)Téap
M = {(x,y)/x2 +y?< 1} U {(x,y)/(x 2P +y?< 1}

1a 1 tap déng va lién thong nhung khong phai 1a mién dong
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2. Pinh nghia ham 2 bién
a) Dinh nghia

Cho E c R?, mot ham 2 bién xac dinh trén E 1a 1 quy luét f
dat twong tng mdi diém (x , y)e E véi 1 s6 thuc duy nhat
Z=1(x,y)eR.
Ky hiéu: f: E —> R hay (x, y)> Z =f(X,y)
Thong thuong E 1a 1 mién nén E goi 1a mién xac dinh cua f.
Néu f cho boi cong thirc ma khong noi gi thém thi mién xac
dinh cua f1a tap céc diém (x, y)e R* dé f(x, y) x4c dinh.
ViDU 2

a) Him Z = x*> + y* ¢6 mién xac dinh D = R?

(mit phang toa do Oxy).
b)HamZ = /1 —x*> —y” ¢6 mién x4c dinh 13
D= {(x,y)/x2 +y> < 1}

(hinh tron dong tam O(0, 0), ban kinh R = 1).
¢) Ham Z = In(x.y) c6 mién xac dinh 1a tap cac diém nam ¢

goc goc phan tu thar I va thi 111 khong ké bién:

x>0 x<0
D={(x,y)/ hoic
y>0 y<0
b) Biéu dién ham 2 bién (d6 thi)
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Cho ham z = f(x, y). Tap hop tit ca cac diém (x, y, z) trong
khong gian Oxyz tao thanh mot mat goi 1a biéu dién (dd thi) ctia
ham z = {(x, y).

ViDU 3

a) Him z = x> +y” o biéu dién 1a mat Parabdlbit tron xoay.

b) Ham z=+/4—x”> —y® c6 biéu dién 12 nira trén ciia mat
cdu x> +y*+z° =4
3. Dinh nghia ham n bién

Cho E = R", mdt ham n bién xac dinh trén E 1a 1 quy luat f
dat trong tmg mdi diém (xq,X5,...,X, ) € E voi 1 56 thuc
duy nhat y = f(x1,X3,...,X,). €R.
Kyhi¢u:f: E = R;(x1,X,...,X, )2 ¥y = f(X1,X25...,X,) .
II. Gi6i han ciia ham 2 bién s
1. Gidi han kép

Cho ham z = f(x, y) xdc dinh trén mién D, c6 thé trir

(Xy,¥o)€D.
a) Binh nghia 1

Ta noéi f(x, y) ¢6 gi6i han 1a A khi (x, y) tién dén (x,,y,).
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Ky hieu limf(x,y)=A néu moi diy diém
X=X
Y—=Yo

{(%,,¥)} € D\ {(X,¥,)} 520 cho (x,,y,) = (X0,Y,) ta déu
co f(x,,y,) > A.

b) Dinh nghia 2

lim f(x,y) = A < Ve>0,38>0:0<p[(x,y).(x,.y,) ] <8

X=X,
Y=Yy

=

f(x,y)—A\ <g

¢) Tinhchat

Néu
f(x,y) > A; g(x,y) = B (khi (x,y) = (X,,y,)) thi

*f(x,y)tg(x,y) >ALB ;

*f(x,y).g(x,y) > AB

SOy A gLy
g(x,y) B

#f(x, Y)Y 5 A (0<A#])

VIDU 4 Tim céc gidi han kép ctia cdc ham s sau

2) {Ci_r)rzl(xz -y')=(2"-3")=-23.
y—3
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2
bylim—Y = 0vi| =¥ |1x| < 1|x| > 0 khi x 0
;:8){ +y X +y 2

(XY C ‘ N ‘
c)lim | ——— | = ?. D¢ tim gi6i han nay ta phai dua vao

ol 4, 4
Selxt ey
nguyén ly kep va danh gia nhu sau
2 2 2 2 2 2 )
xX“+y  x y x>y 1 1
0= = t IS gt st

x4+y4 X4+y4 X +Yy X y X y

ma lim (iz+i2j:0

Yoo y ,
nl kep 2 2
. X+
— 11m4—y420.
X*)-I—OOX +y
y—>+o0
d) lim zxy > khong ton tai vi :
x—=0 x +y
y—0
1 1 1
* Chon X, =y, =— — 0. Khid6 —7" ==
n X, +y, 2 2
1 2
*ChQan:——)O;yn:——)O,
n n
2 2
Khido =y _—2_,=
X.+y. 5 5

Theo dinh nghia trén gi¢i han nay khong ton tai.
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2. Gioi han lap

Céc gioi han sau goi la nhitng gidi han 1dp

lim (lim f(x,y)) va lim (lim f(x,y))
Y=Yo \ XXp X=X \ Y Yo

Pé cho gon nguoi ta bo dau ngoic di.

VIDU 5 Tim gi6i han lap ciia cac ham s6 sau

_ 2,2
a) Xét ham f(x,y) = 22 Y 1hi x,y = 0.

X+y
2
Tacéd : * limlim f(x, y)—hmy—+y:—1
y—0 x—0 y—0 y
X +x*
* lim lim f(x,y) = lim =1
x—0 y—0 x—0
o xy+4x
b) Xétham f(x,y)="5—7 khi x,y >0.
X +Yy
. : : +4 4
Ta thay * hm(hm%] lm( fj:oo
x—0 y—0 X _|_y x—0 X

* ]lim (hm x327+—4xJ = lim (%j =0
y—0 x—0 X + y y—0 y
¢) Xét ham f(x,y) = xsinl Khi x,y — 0.
y

1
Tacod * Vi [xsin— <‘x‘ nén hmf(x y)=0

x—0
y—0
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*lim lim f(x,y) =1im 0. sinl =0
y—0 x—>0 y—0 y

nhung lim lim f(x, y) khong ton tai.

x—0 y—0
II1. Sy lién tuc ciia ham 2 bién
1. Dinh nghia

e Ham f(x, y) dugc goi la lién tuc tai(xo,yo)néu

lim f(x,y) =1(X,,y,)-

X=X
Y—=Yo

e Ham f(x, y) dugc goi 1a lién tuc trén E néu no lién tuc tai
V(x,y)eE.

2. Dinhly

Néu f(x, y), g(x, y) lién tuc tai(X,,Y, ) thi cac ham sau ciing

lién tyc tai (x,,y,) :

f(x,y)
g(x,y)

VI DU 6 Xét tinh lién tuc ciia cac ham sb sau

f(x, y) g, y) ; f(x, y)gx,y) ; D f(x, y)EY)

a) f(x, y) = sin(2x +y) lién tuc tai V(X,y).

b) Ham f(x )_ 5-x—y néu (x,y);t(l,Z)
)= 1 néu (x,y):(l,Z)
Taco: lim f(x,y)=lim(5-x—-y)=2#1=f(12)

y—2 y—2
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Vay ham sb gian doan tai (1,2) )
2xy

c) Ham f(x,y) =Jx*+y?

0 néu (x,y) = (0,0)

néu (x,y) # (0,0)

Lién tuc theo bién x, y nhung khong lién tuc tai (0, O) .
Thay vay: * Ta xét tai V(x,y) # (0,0) :

1im[1im 23y Zj = 1im(%j:o
x=>0\ y>0 x +y =0\ x

lim(lim 23y 2] lim(%]:O.
y—=0{ x>0 x .|_y x—0 y

* Xét tai (0,0) Ta chon day

(xn,yn)=(l,lj " (0,0)

nn
2
Vi 1 . 2xy . n?
a hmf(x,y):hm —— =lim-=1=%0.
x~>8 x‘~>0 X"+ y x—0 3
y—> y—0 y—0 2
n

Vay ham sé gian doan tai (O, 0) )

x’y .
———— néu (x,y) #(0,0)
d) f(x,y) =1 x> +y? Y

0 néu (x,y) =(0,0)

lién tuc tai V(X,y).
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4.2 PAO HAM RIENG VA VI PHAN CAP 1
I. Pinh nghia dao ham riéng
1. Dago ham riéng
Xét ham Z=f(x, y) x4c dinh trén mién D va (x,,y,) € D.
a) DPao ham riéng theo bién x

Piat A, f =1f(x, +Ax,y,)—f(Xy, y,) va Ax=x—x, Néutén

X

tai hiru han lim

thi gidi han do goi la dao ham riéng theo
Ax—>0 Ax

bién x cua f(x, y) tai(X,,Y,) -

f
Ki hiéu: ', (x,,y,) hay Z' (X,,y,) hay x0-¥0) (Xao’}’o)_
X

e - COof(xyy,) . AL
Taco: ', (X,,y,)=Z X(Xo’yo)_T_AggoE

b) Pao ham riéng theo bién y

Tuong tu : Ayfzf(XO, Yo tAY) (X, ¥,) s Ay=y -y,

ta co dao ham riéng theo bién y cua f(x,y) tai(X,,y,) la:

H(Xg:¥o) _ Af

'y (pe¥o) = 2y (Rpe¥g) =25 = lim =

Nhu vy mudn tim dao ham riéng theo bién nao ta chi can lay

dao ham cua ham theo bién d6 va xem bién con lai 1a hang so.
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VIiDU 1 Tinh cac dao ham riéng cép 1 cua

f(x,y)=e"cosy.

BAI GIAI

fi(x,y)=e"cosy; fi(x,y)=—e"siny

VIiDU 2 Tinh cac dao ham riéng c?ip 1 cta cac ham sd tai

diém bat ky thuéc mién xac dinh ctia ham
a) f(x,y) = cos(x’ + y7)

= f (x,y) = —sin(x2 + y3)(x2 + y3)'x = —2x.sin(x2 + y3)
va f' (x,y) = —sin(x2 + yS)(x2 + y3)'y = —3)}2.sin(x2 + y3)
b) f(x,») =y

, ()
= e T

o xy )
P

o f(xy)=e”

. (X)) 1

:> fx('x’y): ey x:(ij‘ey :76}}
RN = A 2 A N e
va fy(x,y)— e’ y—(?]y.e} ——?ey
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d) f(x,y) = arsin(x* + y°)

| _ (x2 +y3)v _ 2x
= f.(x,y) \/1_(x2 ) \/1—(x2 +y°)
e

\/1_(x2 +y3)2 \/1—()62 +y3)2
e) f(x,y)=xy" —sinxy
= f.(x,y)=y" — ycosxy; fy'(x,y) =2Xy —XCOSXy
) f(x,y,z)= e 42y + 2 +3%)
= f'.(xy.2)= (e’””2 +2x+y + zz)'x =" 42
va f' (x,y,2)= (ex+3y2 +2x+y’ + zz)'y =6y +3y”
[ (xy.2)= (ex”y2 +2x+y + zz)'z =27
IL. Vi phan toan phén cip 1 ciia ham 2 bién
1. Dinh nghia
Cho ham f(x, y) x4c dinh trén mién D va diém (Xy,¥o)€D.

bat Af =1(x, +AX, y, +Ay)—1(X,, ¥,)- Néu ton tai cac sb
A va B sao cho Af = A.Ax +B.Ay + a(AX) + B(Ay). Trong do6
a(Ax) , B(Ay) la  céac VCB bac cao cua
Ax , Ay khi AX > 0,Ay >0 thi ta n6i f(x,y) kha wvi
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tai(X,,y,) va biéu thitc df = AAx+BAy goi la vi phan toan
phan cua f(x, y) tai diém (X¢>Y0) -
2. Dinh ly

a) Néu f(x, y) kha vi tai(x,,y,) thi f(x, y) c6 cic dao ham
riéng tai (X,,y,)va A=1" (X,,y,); B= f’y(xo,yo).
b)Néu f(x, y) c¢6 cac dao ham riéng trong mién chua(x,,y,)va
cac dao ham riéng nay lién tuc tai(X,,y,) thi fkha vi
tai(Xg,y,) va df(X,,yo) =1 (Xg,¥o)dx +1')(Xg,¥,)dy
Vi DU 4 Tim vi phan toan phan cép 1 ciia ham
f(x,y)=xy —cosxy
BAI GIAI

= f.(x,y)=2xy+ ysinxy; f}',(x,y) = X" + xsinxy

1a cac ham lién tuc trén toan mit phang nén f(x,y) kha vi tai

V(X,y)va
df (x,y) = (2xy + ysinxy)dx + (x* + xsin xy)dy

VIDU 5 Tim vi phén toan phan cip 1 ciia ham
f(x,y) = sin(x” + y)
BAI GIAI
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f'. = 2x cos(x? +V); f'y = cos(x” +y) la cac ham lién
tuc trén toan mat phéng nén f(x, y), kha vi tai V(x,y)va

df(x,y) =2x cos(x* + y)dx + cos(x* + y)dy

VIiDU 6 Tim vi phan toan phan cép 1 clia ham
f(xy)=(x+2y)e™

BAI GIAI
flo(xy)=e™ +(x+2y)e™ =™ (1+x+2y)
F(xy)=2e"" +(x+2y)e"™ =™ (2+x+2y)

1a cac ham lién tyc trén toan mit phang nén f(x,y) kha vi tai
V(X,y)va

df(x,y) =f", (x,y)dx +f (x,y).dy
= (1 +x+ 2y).a’x +e (2 +x+ 2y).dy

I1I. Ung dung vi phén tinh gin ding gia tri cia ham

Tr  Af =f(x,+Ax, y, +Ay)—-1f(X,,y,) va theo dinh
nghia vi phan
= f(x, +AX, y, +Ay) = f(X,,y,) + ' (X,, ¥ )AX +f'y(xo,y0)Ay
ViDU 7 Tinh gin ding biéu thie A =+/1,02° +1,97°
BAI GIAI
A=y(1+02)® +(2-0.03)° Xétham f(x,y)=x" +y’
Xog=1,y,=2,A, :(),02,Ay =-0,03
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A~1(1,2)+1' (1,2).0,02 +f'y (1,2).(-0,03)

2
f(1,2) =+ +2° =3, f' (1, 2):3; _1
2fx +y 02 2
2
f,(1,2)= 3y -2 nén

24x7 +y? |(1.2)
1

A=3 +5.0,02 +2.(-0,03) =2,95

IV. Dao ham ctia ham hop
Cho ham z = f(u, v), trong d6 u = u(x, y), v=v(X, y).
Khi d6 ta n6i z 1a ham hop cua x, y thong qua 2 bién trung gian
u,v: Z= f[u(x,y), V(X,y)] Néu f(u, v) kha vi theo u, vvau, v
c0O cac dao ham riéng lién tuc theo x, y thi:

f'o=f,u +f v, vt =t u +f v

VIDU 8 Cho z=e"sinv véiu=xy,v=x+y.Hay tinh Z;(;Zy
BAI GIAI
z' . =e"sinv.y+e"cosv=e""Y[ysin(x +y)+cos(x +y)]

z',=e"sinv.x+e" cosv= e Y [xsin(x +y)+cos(x +y)]

V. Pao ham ctia ham an
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1. Ham dn 1 bién  Néu hé thirc F(x, y) = 0 xac dinh ham an

y = y(x) khda vi va F(x, y) c6 cac dao ham riéng

1

' [} ' . [ [ v v Fx
F'OOF (Fy#0) th: F' +F .y =0=y' =-

F'
’ X2 y2 '
VIDU 9 Cho F(x,y)=—2+?—1=0.XéCdinh V=7
a
BAI GIAI

2x 2y . b’ x

Taco:F', =— ,F == . vwiy#z0=>y' =——.—

X a2 y b2 y y aZ y

2. Ham dn 2 bién Néu hé thuc F(x, y, z) = 0 xac dinh ham
an 2 bién z=f(x, y) c6 cac dao ham riéng va F(x, y, z) c6 cac

dao hamriéng F' ,F' , F', (F', #0)thi

z' ——F"‘

F' +F z' =0 T F
=

F' +F,z' =0 F'

y 2%y 7' —__ Y

y sz

VIiDU 10 Cho F(x,y,z):ez+Xy+x2+23—1:0.

Xac dinh dao ham ham an Z(x, y).

BAIGIAL: F' =y+2x ,F', =x ,F', =¢" +37’
2x+y B X

ViF' #0 Vznénz',K =— , Z' R
g * e’ +37° e’ +37°

Zy_
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4.3 PAO HAM RIENG VA VI PHAN CAP 2
I. Pao ham riéng cép 2

Cho ham Z=f(x, y) ¢ cac dao ham riéng cap 1 :
f' (x,y), f'y (X,y). Pao ham cua cac dao ham riéng cap 1 goi
1a dao ham riéng cap 2
1. Pao ham riéng cdp 2 theo bién x.

Néu ham f' (X,y) co dao ham riéng theo bién x thi dao ham
d6 goi 1a dao ham riéng cép 2 theo bién x .
O*f(x,y)
Ki hiéu f"X2 (x,y) hayZ"Xz (x,y) hay T
2. Pao ham riéng cdp 2 theo bién y.

Tuong tuy 'y (X,y) c6 dao ham riéng theo bién y thi dao ham

d6 goi 1a dao ham riéng cap 2 theo bién y.

Kihiéu " (X,y) hay Z" (X,y) hay azf(—xzw .
oy y? oy
3. Pao ham riéng hén hop cip 2.
a) Néu ' (x,y) c6 dao ham riéng theo bién y thi dao ham d6

goi 1a dao ham hon hop theo x vay cia f(x, y).

2
Kihigu f",,(x.y) hayZ"_(x,y) hay ot :Q(ﬁ)
y oyox Oy \ ox

129



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

b) Néu f' (x,y) c6 dao ham riéng theo bién x thi dao ham d6
goi 1a dao ham hoén hop theo y va x cua f(x, y).

. . o  ofof

Tuy thudc vao thir tu 1dy dao ham ta c6 cac dao ham hdn hop

£y (y), i (xy)

Dinh Iy SWACC: Néu cac ham f",, , f"y, lién tuc tai (x.y)

Xy
thi tai d6taco f", =f"y,.

VIiDU1 Tinh cac dao ham riéng cp 2 cho ham z=x*y’ +x*
Z;; = 2xy3 +4X3; z;, = 3)(2y2

n

z;x = 2y3 +12x%; z;,y = 6X2y; Zyy = 6xy2; z;,x = 6xy2
ILVi phén toan phin cap 2
1. Dinh nghia

Cho ham f(x,y) c¢6 vi phan toan phan cép 1
df(x,y) =1",(x,y)dx +f'y(X,y)dy. Vi phan toan phan cua

df(x,y) goi 1a vi phan toan phan cip 2 cia f(x, y) véi dx, dy 1a
hang s6. Ki hiéu d*f(x,y).

2. Cong thirc

130



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

Theo dinh nghia ta co
d*f(x,y) = d(df(x,y)) = d(f', dx +f', dy)

= d’f = (f'y dx +f'y dy)', dx +(f'y dx +£'y dy)', dy
= df=f" dx’+2f", dxdy+f" dy’
X y
Véi (x,y) ma cac dao ham riéng cép 2 lién tuc.
o°f o°f

dxd +—d
OXO0y Y oy’ Y

2
hay d f_ﬂd ‘42
ox?

2
Ta dung ky hiéu hinh thirc: d*f = idx + idy f
Ox oy

Téng qudt: Vi phan toan phin cip n cua f(x,y ) duoc dinh
nghiala d"f(x,y)=d(d"'f(x,y))

va do d6 ta ¢ cong thire : d"f = (idx +idyJ f
ox oy

Vi DU 2 Tim vi phan toan phidn cip 2 cho ham
f(x,y) =ey’.

BAI GIAI

Tacd f,=e"y’; f,=2e"y
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f"X2 =e'y’, f", =2ye", f"y2 =2e" 1a cdc ham lién tuc

voi V(x,y) dodo d*f =e* (y’dx® +4ydxdy +2dy?)
VIiDU 3 Tim vi phan toan phan cip 2 cho ham s6
fx,y)=x"y +x*
BAI GIAI
f'o=2xy’ +4x7 5 1 =3Cyh ", =2y +12x7 ;
£ = 6xy” = £y = 6xy” ; f"y2 =6x’y
la cac ham lién tuc véi V(x,y),do do
d’f = (2y3 + 12)62)abc2 +(12xy2 )dxdy +6x°ydy®
ViDU 4 Tim vi phan toan phan cip 2 cho ham
f(x,y) = c:os(x2 + y3)
BAI GIAI
(x2 +y3)'x = —2x.sin(x2 +y3)
va f', (x,y) = —sin(x2 +y )(x2 + y3)'y = —’g’yz.sin(x2 +y3)
= f". (x,y) = —2.sin(x2 +y’ ) - 4x260s(x2 + y3)
va f"xy (x,y) = —3))2.2x.cos(x2 + y3)

= f'.(xy)= —sin(x2 + y3)
3

f”yy (x,y) = —6)72.sin(x2 + y3)— 9y4cos(x2 + y3)

la cac ham lién tuc trén toan mat phang ta co6
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d*f = [—2 sin(x* + y3) —4x* cos(x” + y3) }dx2
+2[—6xy2 cos(x* +y?) }dxdy
J{—6y2 sin(x* +y°) —9y* cos(x* +y°) }dy2

VIiDU 5 Tim vi phan toan phan cép 2 cho ham s
f(x,y)=arccos(2x+3y)

BAI GIAI

f'(x,y)z -(2x+3y)' _ -2

) JI-Q2x+3y)  J1-(2x+3y)’
e

J-@x+3p)?  J1-Q2x+3y)
YL [1-(2x+3 y)zji (-2)(2x+3y)2
2
=—4[1-(2x+3y)’ | 2 (2x+3y)
S (6 y) = {—3[1 —(2x+ 3y)2]_2}
T [1-(2x+3y) ]3 (=2)(2x+3y)3
2

=-9[1-(2x+ 3y)2]_; (2x+3y)
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S () = {—2[1 -(2x+ 3y>2}‘2}
= _2(_1) [1 —(2x+3 y)z]j (-2)(2x +3y)3
2

3
=—6[ 1-(2x+3y)" | > (2x+3y)
Véi (x,y) ma cac dao ham riéng cap 2 lién tyc ta co

d’f = {—4[1 —(2x+3y)2]§ (2x+3y)}dx2+
{—6[1—(2x+3y)2]3 (2x+3y)}dxdy +

{—9[1—(2x+3y)2]_3(2x+3y)}dy2

Vi DU 6 Tim vi phan toan phan cdp 2 cho ham s
S(x.y)= ln%)

BAI GIAI

Taco f(x,y)= ln(ﬁ) =Inx—Iny nén
y

FLG) =53 116 0) = £ = 3 £ () = 0 (50 0) =
X y y

V6i (x,y) ma cac dao ham riéng cap 2 lién tuc ta co

d’ f—— ? + 2. dedy——dy
y
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4.4 CUC TRI TU DO CUA HAM 2 BIEN SO
I. Khai niém cuec tri

Cho ham z = f(x, y) xac dinh trén mién D, (Xy,¥o)€D.
Biém(xo,yo) goi 1a diém cyc dai (cuc tiéu) ciia ham f néu ton

tai mién con G = D, (x,,y,) € G sao cho :

f(x,y) < f(xg,¥0) (F(x,¥) > f(X4,¥0)) » Y(X,y) € G\ {(X(,¥0)}
Piém cuc dai (cuc tiéu) goi chung la diém cuc tri va khi do
f(x, y) goi 1a co6 cuc dai (cuc tiéu) hodc noi chung la cé cuc tri
tai diém (X,,Yy,) .-
IL.Pinh ly
Dinh Iy 1
Gia str f(x, y) co6 cuc tri tai(X,,y,) va tai do tdn tai cac dao
ham riéng thi fx'(xogyo) =0; f}',(xo;yo) =0.
Diém(x,,Yy,) goi 1a diém ding.
Dinh ly 2
Cho f(x, y) ¢6 cac dao ham riéng cap 1, cap 2 lién tuc trong
mién D.Pit:
A=1".(X,¥0) - B=1"/(X(,¥(), C= f"y2 (X,¥o) » A= AC-B*-
Néu A <0 thi f(x, y) khoéng co cuc tri tai(X,,Y,)

-Néu A >0 va A >0 thi ham dat cyc tiéu tai(x,,y,)
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-Néu A >0va A <0 thi ham dat cuc dai tai(x,,y,)
- Néu A = 0 thi f(x, y) c6 thé dat hoic khong dat cuc tri
tal (X() ’ yO)
Phuwong phap tim cuc tri tw do
Buéc 1: Tinh cac dao ham riéng cép 1: f' (x,y );f'y (X,y )
Buéc 2: Tim tit ca cac diém ding ctia ham £, tic 1a giai hé:
[ (x, y) =0
f 'y (x’y) =0
nghiém cta hé 13 toa do cac diém dimg M, 0
Buwéc 3: Tinh cac dao ham riéng cip 2 va dit
A:f”XX(MO); B:f”xy(MO); C:f”}‘)’(MO)
Buéc 4: Tinh A= AC — B*vakét luan

. |A>0 .
*  Néu thi f datcuc tiutudotai M,
A>0

A<O
* Néu A<O thiham khong dat cuc tri tai M,

. |A>0
*  Neéu thi /' dat cuc dai tudotai M,

* Néu A =0 thitachua co két luan vé diém M,

VIDU1 Tim cuc tri tudo clia ham s6 sau

f(x,y) =x"—xy—y’ =2x+y
BAI GIAI ,
Buwdc 1: Tinh cac dao ham riéng cap 1
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f (x,y) =2x-y=2 f, (x,y) =—x—-2y+1
Bude 2: Tim tit ca cac diém dimg ciia ham f tifc 13 gidi hé:

2x—y—2=0 =1
Y o IF :>M0(1,O)
-x-2y+1=0 y=0

Buée 3: Tinh cac dao ham riéng cap 2
f”xx (x’y) :2; fHXy (x,y) = _1; f”yy (x’y): —2

BuGc 4: Tinh A= AC — B*vakét luan

A=f" (1,0)=2; B=f"_(10)=-1 C=f" (10)=-2
= A=AC-B’ =2(—2)—1=—5<O

Suy ra ham khoéng c6 cuc tri ty do tai M|, (1,0)

VIDU 2 Tim cyc tri cia ham sé f(x, y) =x’ +y° — 3xy

BAI GIAI

Buérc 1: Tinh cac dao ham riéng cép 1

f' = 3x’ —3y;f'y =3y* —3x
Buéc 2: Tim tit ca cac diém ding cia ham f
L. |3x7=3y=0_ [x=0 x=1
Giai h¢: = hay
3y* -3x=0 |y=0 y=1
Ta duoc 2 diém dumg M(0, 0) , N(1, 1)
Buée 3: Tinh cic dao ham riéng cép 2

£ =6x,f" =-3,f" =6y
2 yX y2

Buéc 4: Tinh A= AC — B*va két luan
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*Tai M(0,0)0=>A=0,B=-3,C=0=>A=-9 <0 nén
ham khong c6 cuc tri tai (0,0).
*TaiN(l,1) > A=6,B=-3,C=6=> A=27>0vaA>
0 nén ham dat cuc tiéu va fopesn= (1, 1) =-1
III. Gia tri 16m nhit, nhé nhét ciia ham 2 bién

Cho ham f(x, y) lién tuc trén mién dong, bi chin D.

Khi d6 f(x, y) dat gia tri 16n nhat, nho nhit trén D. Cac gia
tri d6 c6 thé tim theo quy tic sau
Buée 1: Tim cic diém dimg trong mién D va tinh cac gid tri
ctia ham tai cac diém ding
Buwérc 2: Tim céc gia tri cua ham tai nhitng diém trén bién.
Buwde 3: So sanh céc gid tri chon ra gia tri nhd nhat, gia tri lon
nhét trén mién D.
Vi DU 3 Tim gi4 tri 16n nhit, nho nhat cta ham
f(x,y) = x> +2y” —x trong hinh tron x> +y* <1 (D).
BAI GIAI

Buée 1: Tim cac diém dimg trong mién D

2x—-1=0 X =
=

f' =2x-Lf' =4y ;Gidi h¢:
Y 4y =0

S |-

Ta c6 diém ding (l, OjeDvé f l, ()j:_l
2 2 4
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Buée 2: Bay gio ta xét gia tri cua f trén bién

X +y' =1y =1-x

=f=—x"—x+2véi —1<x<1thif(-1)=2; f(1)=0
f'(x)=-2x-1 ;f'(x):O:>—2x—1=O:>x=—% ;

f"(x)=-2<0 Nhu vay trén bién:

; 1 1
f dat gia tri 16n nhat tai X = _5 va f(——j —%

f dat gia tri nho nhattai x =1 va f(1) =0

Bude 3: So sanh 3 gia tri ta dugc

fmin:f(l’oj:_l ’ fmax:f _l’iﬁ :2
2 4
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BAI TAP CHUONG IV
4.1 Tim mién x4c dinh cta cac ham sb sau

1

—_— b)z=x2\/;-i-xlny—l
X+ -1 y

9) Z=\/(x2+y2 —1)(4_x2_y2)

1
d) z=——+Ig(b* -y’
\/az—xz g( y)
e) z:arcsin—_1 Du=yx+y+z
X
1

g) u:\/Rz—xz—yz—z2 +
\/x2+y2+zz—r

a) z=

(a, b 13 hing s6)

= (R>r>0)

4.2. Tinh dao ham riéng cip 1 va vi phan toan phan cip 1 cua
cac ham so6 sau

a) z=x"sin’ y b) z=arctanxy  ¢) z=arcsin(x+y)

! 2 1
d) z=%le” e) z=x" f) z=—cosx’

Y
g) z=x y+L h)z=1n(x+\/x2+y2)
Ux
4.3. Chimg minh rang
A
a) z=yln(x2 —yz) thoa lzx +—2z, :iz
X yoy

y
b) z=y* sin% thoa x’z, +xyz, =yz

) u=(x-y)(y—z)(z—x) théa u, +u, +u. =0

4.4. Tinh dao ham cuia cc ham an y = y(x) cho béi hé thirc
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a) x> +4xy+2y*=3x+2y=0 b) xy—Iny=a (a 13 hing sd)
c) xe' +ye' —e¥ =0 d) sinxy—e” —x’y =0

4.5. Tinh gan dung cac gié tri sau

a) A=1,08"" b) B= 1n(3/1, 03 +4/0,98 —1)

¢) C=1/(3,002) +(4,003)  d) D= arctan(l)’—(;i

3

4.6. Tinh dao ham riéng cip 2 cua cac ham sb sau
a) z=Xx" —4x’y+5y+2 b) z=e'Iny+sinylnx

¢) z=sin’ (ax+by) d) z=arcsin xy

e) z:ln(x+\/x2+y2) f) z=y"

4.7. Tinh vi phan toan phan cip 2 cua cac ham s sau

a) z=4x"y+3xy” +2 b) z=Inxy
2.2

¢) z=sin(x+y) d) z=22
x+y

'

4.8. Tinh cac dao ham riéng z z, clia cac ham hop sau

uo
a) z=x"+xy+y’ véi x=(u+v)2, yz(u—v)2
b) z=e"" v6i x=sinu, y=u’+v’

4.9. Tim cuc tri cta cac ham sb sau
2 2

a) z=x"—xp+y +3x-2y+1 b)z=x—2+y (a,b>0)
a

b
1
¢) z=x"+3xy" —15x—12y -6 d) z=—5—7—
X +y +1
¢) z=x'y’ f) 2= +xp+ 97 —2x—y
g) z=x +8x+)"-2y+6 h) z=x"+)’ —12x-3y+25
i) z=x*-8x"+1>+10 j)z=x*-y"—4x+32y-9
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~ 'CHU’O’N GV
CHUOI SO VA CHUOI LUY THUA

5.1 CHUOI SO
I. Céc khai ni¢m va tinh chat
1. Dinh nghia chuéi so

Cho déysé: U, Uy, ..., U,

note

Biéu thirc tong: u, + u, + ... +u, +... dugc goila chudi sb

0
Ky hiéu: Zunz u +u, t..otu, to
n=1

U, U,,..., U, .. lacacsohang cua chuoi

n

u, dugc goi la so hang tong quat thir n

n
s = Zuk = u, +u, +...+u, this latongriéng thun
k=1

Néutontai S= limS, thiS dugc goila tong ctia chudi.

n—»0

S hitu han thi goi 1a chudi s6 hoi ty Ky hidu: S= > u,
n=1

Néu khong ton tai gi6i han hodc S = £ 00 thi goi I chudi phan
ky. S-S =R, goila phan du thir n ca chudi
VIDU 1 Cho cac chudi sd

a)zl:1+l+l+. ot ! o

—n 123 n
© 2 2
b)zn +3:§+ﬂ+z+. n" +3 ’
o n+2 % é i n+2
n=0 n=l n=2 shTQ: n=n
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2. 3n 12 15 18 3n
0> = Z4+ 4

=n-3 1 2 3 n-3

VI DU 2 Xét sy hoi tu cia chudi s6 cap s6 nhan sau

+ .

Za.q" =a+aq+..+aq"+..(gzl) (2
n=0

1a téng riéng thi n

:>Sn:a+a.q+...+a.q":a.q

a
n—1
Va S=limS, =lima.Ll—=|1-¢

n—o n—o0 q —

néu ‘q‘ <1

+oo néu |g|>1
S-S =aq"" +a.q" +... : 1a phan du tht n cia chudi.
Tai g=1

Za.l" =a+a+a+..+a+..colimS =limna=ow

n—o N n—>0
n=0

Vay chudi ia.q” hoi tu khi || < 1 va phan ky khi |g|> 1
n=0

2. Diéu kign cin ciia chudi hji tu
i R x thi
Néuchudi Y u, hoity = limu, =0

n—+x0
n=0

He qui: Néu limu, #0= Zun phén ky

n—>+o0
n=0

, 1 o s
ViDU3: Y = (3) goila chudidiéu hoa
nzln

143



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

. .1 «
Co limu, =lim— =0 nhung chuoi (3) phénky

n—oo n—o pn

o 1 1 1 1 1 1
Vi ta c6: SZn=I+5+§+...+—+ +ot—

n n+l 2n

<
o
L
[l
|
+
|
+
I
4_
S |-

= lim(S, —S )= % # 0 Ma néu (3) hoi tu

n—0

= lim(S,, — S,) = 0(do giéi han la duy nhdt) = mau thuin
n—»0
3. Tiéu chuin Cauchy ( Nguyén Ly Cauchy)

o0
Dinh Iy: Diéu kién can va du dé chudi s6 Y u, hoi ty la
n=1

Ve&>0 cho truéc, In, € Nsao cho  Vp>g=n, thi

p
2

n=q+1

S, -S,|= <e.

4. Cdc tinh chit vé chuéi hi tu

Tinh cht 1: Néu chudi ) u, hoi tu va c6 tong S

n=l1

thi chudi ) _au,(a € R) ciing hoi ty va 6 tong S

n=1
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Tinh chét 2: Néu > u,, Y v, hoi tu va co tong lan luot la

n=1 n=1
S,S* thi D u, +v, cinghdityvacotonglas + S’
n=1
Chu y:
- Tong 2 chudi phan ky c6 thé hoi tu

ViDU 4 Cho 2 chudi Zn va Z—n

n=1 n=1

= chudi tong Z(n — n) = ZO =0 hoity
n=1 n=1
- Tf)ng ctia 1 chudi phan ky va 1 chudi hoi tu 1a phan ky.
Tinh chat 3:  Tinh hoi tu hay phan ky cua 1 chu6i khong thay
doi néu~ta thém hodc bat di 1 s6 hitu han cac s6 hang dau tién
cua chuoi.

Nghiala ) u, va D u, (m hituhan): co cing tinh hoi ty
n=1 n=m
hay phan ky.
II. Chudi s6 dwong

o0

1. Dinh nghia: Chudi Zun 1a chudi s6 dwong néu moi so
n=0

hang cua n6 déu la s6 duong( tirc 1a u, >0; Vn).

Nhan xét: Taco S,,, =S, +u, , >S5S = {Sn}n 1a day sb ting

n+l

= Néu: {Sn} bi chdn trén tee I1im S, = Chudi hoi tu
n—»0

Néu: {Sn} khong bi chan trén tec lim S, =to0 =
n—>0
Chudi phan ky
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2. Cac dinh ly ddu hiéu hoi tu:
a) Dau hiéu 1(Ti€u chuan tich phan):

Cho chudi s duong Z u,
n=0
Néu 3 ham sé f(x)xéc dinh trén (n,,+90) sao cho

u,=f(n),vnzn, va f(x) lién tuc, don diéu giam trén

0 ~+00
(n,,+o) thi I f(x)dx va Zun cung hoi tu hodc cung phan
o n=1
ky.
Chu y: Dau hi€u nay dung cho nhiing chudi s6 c¢6 so6 hang
téng quét u, co6 chira luy thira bac n hodc vo ty.

, . 2 - 1
VIDU 5 Xét sy hoi ty cua chudisd Y (5)
n.In n

n=l

BAI GIAI

Xét ham f(x) = Vx>2 1a ham sé duong; lién tuc,

x.Inx
don diéu giam.
Thdtvday: f'(x)<0 voéi x dalén = f don diéu giam.
Ma
odx .. tdlnx
J =lim
x.Inx to=s Inx

= %im{ In(Inb)—In(In2)} =+

2

+00

dx -

= J' phanky => chudi (5)phan ky
> x.Inx

b) Déu hiéu 2 (D4u hiéu so sanh 1):
Cho hai chudi s6 duwong Z u, va Z v,

n=0 n=1
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Giasru, <v, Vnzn,eN

Khidé:  -Néu v, hoitu=> D u, hitu.

n=1 n=0
-Néu Zun phan ky= Zvn phan ky.
n=0 n=1

CHUY: I) O ménh dé1 mudn xét sy hoi tu cia chudi

o0
Zun , ma viéc 1am nay kho thyc hién thi ta danh gia ) hang
n=0
TQ cua chudi v, sao cho: 0<u <v , Vne N ma viéc xét

0
sy hoi ty ciia chudi Y v, d& thyc hién, va két qua la hoi tu

n=1

thi ta két luan chudi Zun héi tu. Nhung nguoc lai néu
n=0

chudi Z v, phén ky thi chung ta khong co két luan gi.

n=1

2) Nguoc lai 0 ménh d&2 mudn xét sy phan ky cua
o0

chudi » v, ,ma viéc lam nay kho thyc hién thi ta danh gia
n=1

s0 hang TQ cuia chudi u, saocho: 0<u, <v, VneN ma

o0
viéc xét su phan ky ciia chudi Zun dé thuc hién, va két qua
n=0

1a phan ky thi ta két luan chudi Z v, phéan ky. Nhung nguoc

n=1
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lai néu chudi Zun hoi ty thi ching ta cling khong c6 két luan
n=0
gl o N
VIDU 6 Xét sy hoi tu cua chudi s6 (Chudi Riemann) hay
s . = 1 . .
Chuoi di€u hoa tong quat: Z—a (o lahdang s6) (6)
n=1
BAI GIAI
e Néuac<lthi
1 1
= >_=
n“ n ssl 2] o
o 1 = Z—a phan ky.
do Z— phanky| "
n=1 n

X 1
e Néua>1 Tadit: f(x):_a
X

Khido f(x)>0 Vxe[l,+0)

Vatrén [1,+90) ham f(x) lién tyc, don diéu giam

+00 b
B 1 ) 1 .
Ma ta da biét I —dx = lim j—dx =1 1a tich phan hoi
x“ b +0d y&
1 1
tctp N ® 1
tw = chudi Y — hoity
n=1 n

0

Vay Tdng Quat: Zia hoitu khi < a>1
n=l1 n
Va phan kp khi & a <1
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T r At N xX. L - ll’ll’l
VIDU 7 Xét su hoi tu cia chuoi s0 23—2 (7)
=n +n +2
BAI GIAI
Tanhan thdy Inn<n, Vn>1
Inn n n 1
=3 2 <73 2 <3 5 Vnz1
nw+n +2 n+n+2 n n
R T .
ma 2—2 hoi tu (Chuoi Riemann)
n=1
ss1 . 0 lnn N
= Chuoi 23—2 hoi tu.
N +n +2
‘ \ .. . X x = n.Inn
VIDU 8 Xét su hoi tu cia chuoi s6 Z (8)

S n*-1
BAI GIAI
Taco: Inn>1, Vn>3 (vitinh hoi tu va phan ky cua
chudi khong thay doi khi bot 1 s6 hitu han céc s6 hang cia
chuoi)

n.nn n
>

-1 n*-1 n

=1
ma Z— phan ky
n=3 1
ss1 ~. = n.lnn o
= chuoi Z o phan ky.
n=2 N —
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¢) Dau hiéu 3 (d4u hiéu so sanh 2):

o0 o0
Cho hai chudi s6 duong D _u, va ). v,
n=0 n=1
L. . u,
Néu gidi han:  lim —*=k

n—>+o0
Vn

. O<k<oo : Thihai chudi da cho cé cung tinh hoi tu
hay phan ky

e k=0va Y v, hoity = D u, hoity

n=1 n=0

e k=+00 va Y v, phanky = > u, phanky

n=1 n=0

e Y nghia: Muén xét sy hoi tu cia mot trong 2 chudi Z u,
n=0

hoac Zvn ; chéng han Ia Zvn thi ta phai tim thém chudi

n=1
Zun , ma viéc xét tinh hoi tu cua chudi Zun nay dé thuc

n=0 n=0
hién sau do ta ap dung cac két qua cua dau hicu.

. < 1% V4
VIDU 9 Xét sy hoi tu cua chuodi so Za.tg— (ala cosnt )(9)
n

n=3
. ” 1 1
BAI GIAI
Ta co: Za tg— = az tg— va ta xét thém chudi Z—
n=3 n n=3 ﬁ
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. T «
Nhan thay: u, =tg—>0,Vn=3 , suyrachuoidi cho
n

1a chudi duong.

" .
Xér: lim—%=1 =k hitu hgnma Y =  phdn ky
n—>o0 E =3 n
n
952 - han ky néu a+#0
= chuoi aZ:tgz P _ 4 ]
v n | hoi tu néu a=0.

; ) N i . e N2+n—+n-2
VI DU 10 Xét su hoi tu cua chudi so Z p
n=1 n

(10) (& 13 hing s)

BAIGIAI o i
Ta thay chuoi da cho c6 the viét lai thanh chuoi:

- 4
nZ—l: n“(\/2+n+\/n—2)

uy,

| .
o  Xétthém chudi » —— Theo tiéu chuin so sinh 2
el na+5
—
Vn
ta xét:
1
4 oz+5
. u . nn “’ ,(
lim— =lim =4 (hang so)

ey "‘“”n“(\/2+n +\/n—2)
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e Mit khac theo két qua chudi Riemann

. 1 1 . © N ss2
- ntu a+—>1< a>— th Z - hoi tu =

2 2 — ol

n= n 2

chudi (10) hoi tu
: 1 | A
- ntu a+—<Il<a<— th Z — phan
2 2 pur S
n

5852
ky=> chudi (10) phan ky

N 1 1
Vay chudi (10) hoi tu khi a > > va phan ky khi o < 5
d) Déu hiéu 4 ( D4u hiéu D’ Alembert):

o0
x. £ A, u
Cho chuoi s6 duong Zun , giasir im—2L =D
=0 n—»0 u
= n

Néu D <1 :Chudihéitu
D >1 : Chudi phan ky

D=1 : Ta chua c6 két luan gi ma phai xét thém bang
phuong phép khac

Chii y: Dau hiéu nay dung cho nhimg chudi sb c6 sé hang
tong quat 1, co chira giai thira.

Vi DU 11 Xét su héi tu ciia chudi s6 Z(

4y

BAI GIAI

. n! . n
Chuy: lIim— =0, = lim— =+

n—o0 nn n—w p !
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2 2
1)! !
lim 221 = lim [(n+ ) ] (2n)2 = lim (n+1) 1
now gy ke (2n+2) (n!) i (2n+1)(2n+2) 4
= Chudi (11) hoity
VIDU 12 Xét sy hoi tu cua chudi sb

1 31 5 (2n-1)!
—
2 24 24, 6 (2n)!!
BAI GIAI
Ap dung tiéu chuan (D’)
2n+1 "
o st _ i (2n+1)! (2n)! _ i 20201
ooy n—>+w0 (27’1 + 2)' | (2n 1)' n>t+o  2p+2
= Chudi (12) phan ky

<1

... (12)

© !

: , N X nl 1
VIDU 13 Xét sy hoi tu cua chuoi s z—tg— (13)

o 2 o))
BAI GIAI 3
bay la chuoi duong, ap dung t/c
D’Alember
1
(I’l+1)'l’g7 ' (n+1) n
lim "1 = lim 3 : (2n)i —lim 5. 5 1
T SL I S WO PO, L
5" 5"
lim— "1 —0fviggt ~L khin—>oo
o2 52n+1)(2n+2) 5" 5"
Vay chudi (13) hoi tu.
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e) Dau hiéu 5 ( Dau hiéu Cauchy)

Cho chudi s6 duong Zu , giast limyu =C

n—0
n=0

Néu C <1 : Chudi hdi tu
C >1 : Chudi phan ky

‘ C =1: Ta chua c6 két luan gi ma phai xét thém
bang phuong phéap khac

Chii y: Dau hiéu ndy dung cho nhitng chudi s co sb hang
tong quat u, co6 chia luy thira bac n.

2

VIDU 14 Xét sy hoi tu ciia chudi s6 Z(l+—j —n (14)
=

BAI GIAI
Xét theo T/C (C) ta co:

n—>0 n—o

llm(—llm(1+ 1) —:§>1:>Chu01(14) phan ky.

VI DU 15 Xét sy hoi tu cua chudi sb Z Y (15)
, I |
BAI GIAI
Cach 1: St dung (D)
5 n n
Xét lim 2 — fim (n+1)’(2"+3%) 1<1 —

n—0 un n—>00 (2n+1+3n+l)n 3
chudi (15) hoi tu

Cich 2: St dung ( C ). Nhan thiy
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5 5

i n
Ta co YT < ? s
+
\/7 - ZZ— héi tu
Iim =lim?7; ——11 )
n—)oo\/7 n—0 n—o 2

=> chudi (15) hoi tu

, . n
VIDU 16 Xét sy hoi tu cita chudisé » ———  (16)
=l(n+—-)"
7 n
BAI GIAI
Cach 1: St dung (D) ‘ ‘
Cach 2: Sur dung dieu kién can:tu
it
n " n"
1 1 n nen
n
il
n " ) n" 1
limy =lim———>lim———=—#0
n—o n—o0 1 n n—w (l’l + 1)" e
n+—
n

Theo diéu kién da => chudi (16) phan ky

n(n-1)
n—1
VI DU 17 Xét sy hoi tu ciia chudi sb 2( lj (17)
n+

BAIGIAI  Xét
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_ el 2(n-D)
-2 27 n+l

e’ <1

n+1

n—»0

Theo TC (C ) = chudi (17) hoi tu

:lim£1+

, X o 71!
VIDU 18 Xétsyhoitycia chudisé > —e" (18
n=1 n

BAI GIAI
Str dung (D): Xét

.U C (n+Dle™ n" . (n+Den"
lim 2L = hm( ) = hmL =
ooy o oo (n+1) nle" nm= (n+1)

n+l

Ta chua két luan dugc gi.

Chiy:  lim¥n=1, lim¥n!=o; lim¥n" = oo

n—>0 n—>0 n—>0
k n n
. n .2 . a
Iim—=0,a>0; lim—=0; Iim—=0,a>0
n—>0 a" Nn—»0 l’l' n—o0 l’l'

. Néu xét diéu kién can limu, khé khan

n—>0
Va xét theo ddu hiéu (D), (C): D=C =1 khong két
luan dugc gi.

2 u
e  ThitacothéxétBPT: —1L>1 Vn>n, ndodd
u

Nghia 1a tir n, nao d6 tré di thi day {u,} don diéu tang
dk cdn

= limu, #0 = chudi phan ky

n—>o0
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* Ap dung vao VIDU 18: Xéttisb

u”“:e " = ¢ >1 Vn
u, n+1

(Vi lim(n—Hj =e).

n—>0 n

Vay limu, # 0= chudi (18) phan ky.

n—»0
IIL Chudi ¢6 dau bat ky
1.Chuoi dan diu ) N
a) DPinh nghia: Chuoi dan dau 1a chudi cé dang:

S()'U, U, >0, Vn>1
n=l1

VIDU 19 Cho céc chudi dan dau

< n 2 3 4 5
-1)" == - -+ — - —+ .
V2V 38 15 24
n=2 n=3 ;’: n=5
+(—1)" + .
( )n2—1

b) i(—l)“ln—”...
n=2 n

C n+l 3"
DI

n=1
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b) Dinh Iy( Déiu hi¢u LEIBNITZ).

Cho chudi dan ddu Y (—1)"u,. Néu diy {u,}don diéu
n=1
giam (u, >u, >...>u, >...) Va limu, =0 thi chudi hpi

n—>»0

tuva c6 tong S<‘ul‘.

. 1
VI DU 20 Xét sy hoi tu cua chudi sau Z (=D ; (20)
n=1

BAI GIAI

1 )
Co day {—} laddy don diéu giam| )

nj, =
limu, = liml =0

n— n—>0 n

Z(—l)nl hoituva S<1
n=l1 n

, - o0 _1 n
VIDU 21 Xét sy hoi tu cia chuoi sau Z Sl

ey
n=1 4/;

BAI GIAI

1
Taco day {un} = { \/_} la day don di¢u giam.
n n ;

. 1 dk can
Nhung lim—==1#0 = Chudi z

n—)oo”n \/_

VI DU22 Xét sy hoi tu ciia chudi Z(_ " (Mj (22)
3n+1

n=l1
BAI GIAI ) ,
(22)  1a chudi dan dau . Xét
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n

2+ 100
lima = lim(wj “lim| —"-| =0 )
n—>w n—00 3n+1 n—>00 340
n

Taco {a,}= 2, B Ly, day don diéu giam  (*%)
3 3(3n+l)

Tir (*) va (**) = (22)hoi tu

. 5. % n—1.Inn
ViDU23 Xét sy hoi ty ciia chudi Y (-1)—————  (23)
n

BAI GIAI "~
Xét ham f(x):lnTx:f'(x) - l_xlfx 0 Vx>3
= f{x) 1aham don diéu gigm Vx >3
= {thn} la day don diéu giam Vn >3

. _Inn te(L) 5 o S Inn
Va lim— =0 = chuoi Z(—l)” "7 hoi tu
n—»0 n =2 n

Chii y: Trén day ta phai chuyén sang ham s§  f (x) vi khi do
TXD coa ham 1a R", 13 tap sb lién tuc thi ta méi c6 thé xét tinh
lién tuc va tinh c6 dao ham ctia ham s6. Khi do6 ta mai xét duogc
tinh don di¢u, va chuyén sang ddy {u,} thi chila I Th djc
biét cua ham f(x) v&i nhiing x nhan gia tri nguyén.

2. Chuoi c6 dau bat ky

2 thi 2
a) Dinh Iy: Néu chudi ) |u, | héi ty =thi D" u, ciing hgi tu

n=l1 n=1
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b) Dinh nghia:
-Néu Y |U, | héituthi D u, duoc goi la hji tu tuyét déi.
n=1 n=1
Zun hoi tu
e n=l1 . C 1N s P

-Néu . thi Zun duoc goi 1a ban hgi tu
Z‘un‘ phan ky =
n=l1

¢) Cdc tinh chit ciia chubi hji tu tuyét doi.
Y nghia: Xét tinh hoi tu ctia chudi c6 DAU BAT KY chung
ta khong co tiéu chuan nao, ma chung ta phai chuyén sang xét
chudi tri tuyét ddi tic 1a chudi DUONG khi d6 ta sir dung tat
ca céc tiéu chuan cua chudi duong.
e Néu chudi tri tuyét doi hoi tu thi ta suy ra chudi c6 dau bt
ky hoi tu
o Néu chudi tri tuyét d6i phan ky thi ta khong c6 két luan gi
cho chudi c6 dau bat ky, ta phai st dung cac phuong phap khéc.
cos(nr)
Vi DU 24 Xét su hoi tu cta chudi sau Z— (24)
n=1 n

BAI GIAI
Chubi (24) 1a chudi c6 ddu batky, Ta co:

‘cos(mr)‘ < 1

2 = 2| ssl
n n cos(nr
s= chudi duong E u hoi
n’

bL x. Z COS(I’lﬂ')

tu = chudi (24) hoi tu.

n=l1
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y v , cosnmt 1
Chu y: Néu xét —<—
n n

i% hoi tu

cosnm . . . X A e X Z
Z >— hoi tuvi chuoi s6 khong phai 1a chudi s6 duong
n

khong suy ra

n=l1

, < < 1
VIDU 25 Xét su hoi tu cua chudi sau Z(—l)" — (25
n

n=1
BAI GIAI i i
Theo dau higu (L) thi chudi (25) hoi tu nhung chudi

ol 1
>0

n=1

['e] 1 0 1
= —phankythi D (=1)"= bdn hji tu.
n

n=1 n=l

, « = 1
VIDU 26 Xét sy hoi tu cua chudi sau Z(— D"—  (26)
n=I n
BAI GIAI
Theo déu hiéu (L) thi chudi (26) hoi tu khi & >0, phan ky
khi o < 0

Z phan ky khi a<1

-1 n

= N {héi tu khi a>1

Vay chudi
hoi tu tuyét déi khi o >1

Z(—l)”ia: bdn hoi tu khi O<a<l
| phanky khi a<0.
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5.2 CHUOI HAM BAT KY

I. Pinh nghia ~

1. Dinh nghia chuoi ham ]

Cho mot ddy vé han cdc ham so:

u,(x),u, (x),u,(x),...,u,(x),...

Ta goi tong cua chung 1a mot chuoi ham va ky hi¢u :

iun(x):uo(x)+ul(x)+...+un(x)+... (1)

Cho x =x, (x, 1a1sd cu thé) ta duge chudi sé:

dux,) @
n=0

(Vay chudi s6 13 mot truong hop dic biét cua chudi
ham khi cho x =xy )
- Néu chudi s6 (2) hoi tu thi x, duoc goi la diém héi tu cia
chudi ham va khi d6 ham duoc goi 1a hoi tu diém tai x,.
- Néu chudi s6 (2) phan ky thi x, dugc goila diém phén ky
ctiia chudi ham.
- Tép tat ca cac diém hoi tu x, (néu co) cua chudi dugc goi la
mién hgit: X ={x,/ x, la diém hoi tu}
2.Dinh nghia tong riéng thir n
n
Goi S,(x)= > u,(xX)=u,(x)+u,(x)+...+u,(x) lating
k=0
riéng thir n cia chudi ham.
Goi S(x)=1imS (x) la tong cta chudi (néu gii han nay
n—>ow

xac dinh va S(x) x4c dinh trong mién hoi tu cua chudi ham).
Ky hiéu:
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S(x)=">"u,(x) vanoi chudi ham (1) hoi ty v& ham S(x)
n=0

Goi R (x)=8(x) —=S,(x)= > u(x): laphin dw thir n
i=n+1

ctia chudi ham.

VIDU Cho céac chudi ham

a)Zx” =x+x+ X"

n=l1

© n 2 n
b)Y N S S S S
—n+1 1 2 3 n+1
0 Zsmnx _sindx N sin5x N N sin nx
3n*  3.47 3.4 T 342

d)z(erl) x+1+(x+1) L (x+1)

n\n 1 2\/— n\/—

II1. Vi DU Tim mién hi tu ciia chudi ham sau:

]
= 2n+1\1+x D

BAI GIAI

Truong hop 1: V&ix =1 thi chudi (1)< ZO 0 chudi hoi
n=1

tu

Truong hop 2: V61 x =1 thi

. - (1-xY| [1-x

lim n‘( ) . =|——|=u(x)

e ‘2n+1 1+x 1+x
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1—-x
———-1<0
1+x

—-X 1—-x

Giai BPT <l —+1>0 < x>0

1+x 1+x
x#=*1

N = (-1)" N

Taix =0 taco chudi Z( " chudi nay béan hoi tu
= 2n+1

Vay: Mién hoi tu cta chubi 1a X = [0,+0)

x =0 chudibanhgity, x>0 chudihgi tu tuyst dbi

5.3. CHUOI LUY THUA
1. Dinh nghia
Chudi hamco dang Y a,(x—x,)" (1)
n=1

Trongd6 aeR, n=1,2,... x, =const cho trudc dugc

g0i 14 chudi liiy thira.

Dic biét néu x, =0 tirc (1) c6 dang Zanx" (2)
n=1

Néudit X =x-x, thi(l)codang Y a, X" (2)
n=1
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Do d6 khi n6i dén chudi liy thira thi ta chi can nghién ctru

dang (2): Zanx” =ax+a,x’ +..+ax"+..
n=1
I1. Cach tim ban kinh hi tu _
1. Dinh ly ABEL (Tap hoi tu tuyét doi ciia chuoi liiy thira )

Cho chudi Iy thira ) a,x" hoi tu tai x=a#0 va
n=1

phan ky tai x = /3, thi chudi (2) hoi tu tuyét d6i tai Vx ma
x| <a vachudi (2)phanky tai Vx ma|x|> f3
Contai x=xa; x==1/ thi thay truc tiép vao chudi ham
tré thanh cac chudi sd va xét tinh hoi ty tuyét doi cua cac
chuoi s6 thong thuong.
2. Dinh nghia ban kinh hji tu )
S6 R duoc goi la bdn kinh héi tu cia chuoi (2) néu chudi (2)
hoi ty khi x| < R va phan ky khi x| > R.
Nhan xét:
e Tu dinh nghia trén muon tim mién hdi ty cia chudi lity
thura thi ta:

Bwée 1: Tim ban kinh hoi tu R

Budce 2:  Xét sy hoi tu cua chudi (2) tai x =+R (thay truc
tiép vao chuoi ham) ‘
Khi d6 ta c6 két luan cho mién hoi tu ctia R 1a mot trong céc
khéang Sau: (_R7R)’[_R3R)7(_RaR]’[_R’R]
3.Quy td:c tim ban kinh héi tu( DL Cauchy hodc D’AlemberT )
Xét chuoi (2)

an+1

= thi ban kinh hoi tu cua

a,| =1 hogc lim

n—>o0

Néu lim »

n—>0

a

n

(2) duoc tinh theo cong thirc 1a
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% khi 0 <[ <400
R=30 khi [=+o0
oo khi [=0

VIDU 1 Tim mién héi tu ctia chudi liy thira sau:
n 2 3 n

=\ X X X X
Y mx AT L T (1)
o n 2 3 n
BAI GIAI
Ta co
: an+1 : 1 X
lim =lim =1=R=[=—=1= chuoi (1)
n—>o0 ‘an n—)oon+1 R

hoi tu trén (-1,1)

s e
Xeét: Taix =1 :>Z— chuoi so phan ky.

n=1 n
2 (=1)" .
Tai x=—1= Z( ) hudisé hoi tu theo (LN).
n=1 n
= Viay mién hoi tu cta chudi (1) 1a [—1,1)

VI DU 2 Tim mién hi tu cia chudi Iy thira sau

= nx \
2l 2)
=\n+1

BAI GIAI

fo(2):>an=( " j
n+1
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Taco theo ddu hi¢u Cauchy thi

—hm =1=l >R=-=1
oo\ n+1 [

Chudi (2) hoi tu trén (—1,1).

lim 2

n—»0

0

o Xét: Taix=1 = Z( lj chudi s phan ky
n—+

theo diéu kién du vi :

n —(n+1)

7(n+1)
tim| —" | = tim[ 1=t — ¢!
oo\ n+1 n—o0 n+1

= n
e Tai x=-1=> -1
4 ,ZZ::‘( ) (n+1

dinh ly LEIBNITZ.
= Vay mién hoi tu ctia chudi (2) la (—1, 1).
VI DU 3 Tim mién hdi tu cia chudi Iy thira sau

Z3n (x+1) 3)

n=I n
BAI GIAI

j cling phan ky theo

n

@)= a=— va X=x+1
n

n

Ta dua chudi (3) trén vé dang Z X" (®
n=1 n

Ap dung ddu hiéu D’Alembert ta xét:
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) a 3n+1 I’l
lim 2 = 1im
n—>0 ‘a‘ n—>0 n+1 3"
n

) n 3 n 3.3"
=lim . = lim ) =
mop+l 3" moep+] 37
1
] 3 .

: 1
Suy ra ban kinh hditu = R = ; =

Vay chudi (*) hoi tu trén mién [—

Béy gid ta phai xét tai hai dau mut

* Tai X:—l
3
Chudi (*)323 (——J = )
n=1 1 n=
hoi tu theo Leibnitz
n
e Tai X:l
3

Chudi (*) :>Z [ ) Z— chudi sé phan ky theo
n=1 n
TCTP
A A s | 11
Ta c6 mién hoi tu cua chuoi (*)1a | ——,—

Cuo6i cung ta co mién hoi tu ciia chuoi (3) 1a
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1 1 1 1 4 2

——< X< —<x+l<—- ©—<x<—.
3 3 ‘ 3

VIDU 4 Tim mién hdi tu cua chudi lily thira sau

0

Zﬂ(x +1)' (4)

=t 1N
BAI GIAI

(-2 ey

,,Z::‘ . (x+1) —nzz; . (x+1) 4)
= a _ED2 L Xex+d

. ‘ 2 (1) 2"
Ta dua chuoi (3) trén vé dang Z—X NG
n=1 n

Ap dung ddu hiéu D’Alembert ta xét:

. . 2n+1 n . n 2n+1
lim - = 1im — | =lim —
n—>o0 ‘an‘ ool p+1 2 noep4] 2

_lim 22,
noop+1 142"

: 1
Suy ra ban kinh hgity = R = ; =

x \ 1
Vay chuoi (*) hoi tu trén mién (— ,Ej

Bay gid ta phai xét tai hai ddu mit

169



TRUGNG CAO PANG CNTT TP HCM BO MON TOAN

* Tai X=—l
2
&2t (-1
Chudi (4):; . (J
& (e | () el
_; n?2" _nzzl“ n _Z;

n=1

=1
Talai co: Z— phan ky theo TCTP
n=1 1

e Tai X:l
2
< (1) 2" (1) _&-qy
Chuoi (4):; » 5 —; "

S

Ta co: i (_1)
n=1

chudi héi tu theo dau hiéu Leibnitz.
n

1

. < 1
Ta c6 mién hdi ty ctia chuoi (*)la ——< X <—

Cuoi cung ta cé mién hdi tu cua chuoi (4) 1a

—1<X£— & ——< x+1£l <:>—§<x£_—1.
2 2 2 o2
VI DU 5. Tim mién hoi tu cua chuoi liy thua:
0 n
X
25 ©®
31’!
n=1
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BAI GIAI

1 / 1
Tacod: a,=— = lim/la, —l1mn__11m_:_
a 3" n—»o n—»o0 3” n—w 3 3
= Bankinh hoi tu: R=3
= Khoang hdi tu: (—3,3)

+ Tai x=3: Z3n il co limu, =liml=1#0
=1 n=1 n—>0 n—»o0
nén chudi phén ky theo diéu kién du
+ Tai x=-3: Z 33n) —Zw:(—l)"
n=1 n=1

1a chudi dan dau c6 limu, =lim1=1#0

nén chudi phan ky diu hiéu Leibnitz
Vay mién héi tu 1a (-3,3).
Vi DU 6 Tim mién hoi tu cia chudi Iy thua:

ol (3n2 + 1)

BAI GIAI
Taco: a, __ =
2" (3n2 +1)
1 1
4 _

n+l =

ol [3(,1 + 1)2 + 1} 22" (3112 +6n+ 4)

=
il g 2 C7) () 1
e la,| 222" (307 +6n+4) 2307 +6n+4) 2
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= Ban kinh hgitu: R=2

= Khodng hoi tu: (—2 2)

+Tai x=2: 3 3
woen Sot oSt

1 1t 1

3n*+1 3t n’

ZLQ 1a chudi hdi tu theo TCTP (vi ar=2>1).

n=1 N

o0

Nén 21 chudi hoi ty theo SS1
= 3n +1

+Tai x=-2: i (-2) :i (-1)’

T2 (3 +1) 30741

cd limu, =lim =0

n—»o0 n—»o0 37’1 +1

12 chudi dan du hoi tu theo dau hiéu Leibnitz.
Vay mién hoi tu 1a [-2,2].
Vi DU 7 Tim mién hdéi tu cta chudi liy thira:

0 l’l

;—2,,(3 )
BAI GIAI
Taco: a —; =
' ”_2"(3n2—1)
1 1
p _

n+l T

il [3(,1 +1)2 _1} 20" (3n2 +6n +2)
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N 2"(3n -1) , (3n” -1)

i _ _1
e la,| _'171—{22.2”(3nz+6n+2)_'111—{22(3nz+6n+2)_2

an+1

= Ban kinh hoi tu: R=2
= Khodng hoi tu: (—2 2)

0

+Tai x=2: Z (3n _):i

n
1112 n=1

=1 XA
Y — lachudi hdi tu theo TCTP (vi ar=2>1).
n=1 1

. 1 1 . n’ 1
Taco lim > :—2=11m : -
n—o0 3n +1 n° n=3n"+1 3

Nén Z chudi hoi tu theo SS2
n=1 n +1

+Tai x=-2: i (_2)n :i (_l)n

co limu, =lim—;
n—o0 n—oo 37’1 _1
1a chudi dan dau hoi ty theo d4u hiéu Leibnitz.
Véy mién hoi tu 1a [-2,2].
Vi DU 8 Tim mién hoi tu coa chudi Iy thua:
0 _2 n
S22 ()
n=1 n2

BAI GIAI
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}’l

Piat X =x— 2th1(8):>z

1 1
Tacod: a,=—— = limy/ja, —hm =—
n2" n—>o0 n—»o n2 n—)oo 24 / 2

— Ban kinh hdi tu cua chudi ( )
= Khoang hoi tu: (-2,2)

+Tal X=2: ()= i Zw:l 1a chudi diéu hoa nén
n=1 1 n=1 1

chudi phan ky.

+Tai X=-2: (*):Z j) _Z%:i

n

n=1 n=1

chudi dan dau hoi tu theo dAu hiéu Leibnitz.
Vay mién hoi tu (*)1a -2< X <2

Vay mién héi tu (8)1a

2<X<2 & 2<x-2<2 & 0Lx<4

III. Khai trién mot ham s6 thanh chudi liy thira

1.Khdi niém
Ham s0 f{x) kha vi v6 hanlantai x, valancan x, vaf{x)
c6 thé biéu dién duge dudi dang tong ctia mot chudi luy
thtra trong lan cén ay

f(x):ian(x—xo)n :a0+al(x—x0)1+a2(x—xo)2+ ..

n
+a(x—x) T
n 0
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Lay dao ham cdpnca 2 vé thi ta dugc

f(n) ( X, )

a =————; Vn=0,1,2,3,...
" n!
Nhu vay:
f(x)zzf—(’xo) (x—xo)n Chudi Taylor
n=0 n:
[e¢] (n)
S (X) ~ Zf—(’xo) x" Chudi Maclaurin
n=0 n.

* Néu chudi Taylor ctia ham f{x) & lan can diém X, hoi tu
vé ham f{x) thi ta n6i ham f{x) khai trién dugc thanh chudi
Taylor ¢ lancén diém x,.

2. Diéu kign dé mét ham khai trién thanh chudi luj thiva
DINHLY I  Néu ham f(x ) c¢6 dao ham moi cép trong lan

can cua diém x, valimR (x) =0
Nn—»0
f(n+1) (a)
(n + 1)!

phan du Lagrange

trong d6 phan du R(x) = (x - X, )n+1 va a la

s0 nam gitra x va X, thi ham s6 f (x) khai trién dugc thanh
chudi luy thira trong 1an can diém x, .
DINH LY 2 Néu trong lan can cua diém X, ham f(x) co

dao ham moi cap, va

f(")(a)‘ <M .V « lasénam gitra x va x,
thi ham sé f (x) khai trién duoc thanh chudi luy thira trong

lan can diém x, .
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VIiDU 1 Khai trién ham sau thanh chudi luy thira ctua x:
f(x)=¢

BAI GIAI

Ta thiy ham f{x) c6 dao ham moi cdp tai VxeR, va

f (n)(O) =1, Vn Vay chudi Iuj thira cia ham la:

f(x)=¢ T LN S
2! 3! n!

Gia st A 1a mot sd duong bat ky, Ta c¢o
VneN, Vx e(—A,A) thi

‘f ") (x)‘ =e¢" <e":=M ticc 1a dao ham bac n ludn bi

chan, theo dinh 1y thi ham sé da cho khai trién duoc thanh chudi

luy thira trong 1an can (—A,A) tai x, =0.Nhung A 1a sb bat

k}‘{ nén ham khai ‘Erién duoc trén toan bo truc s6.

VIDU 2 Khai trien ham sau thanh chuoi luy thira ctia x :
f(x)=sinx

BAI GIAI

Tuong tu ta c¢6 két qua khai trién cia cac ham sé sau theo chudi

luy thura la:

) M, 1 5 1,
= =—Xx — —X +—x ——x'—. ..
f(x)=sinx 1 3!x 5!x 7!x
n—1 1
+(—1) x4, .. VxeR
(2n-1)!
s hang TQ ’
Vi DU 3 Khai trién ham sau thanh chudi luy thira ctua x:
f(x)=cosx

BAI GIAI , 7
Tuong tu ta co két qua khai trién
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1 1 1 1
cosx=1-—x" +—x' —x*+—x"—. ..
2! 41 6! 8!

1,
+(—1) (2n)!x2 +..:VxeR

s()’ha\nf TQ
ViDU 4 thai trién ham sau thanh chudi luy thira cua x :
f(x)=(1+x)
BAI GIAI
Twong tu ta c¢6 két qua khai trién
f(X):(1+x)a :1%x+0[(z!_l)x2 _a(a—13)!(a—2)x3 +
a(la-1)(a=2)....(a—n+1)

n!
Pé tim khoang hoi tu cia chudi luy thira trén ta tinh:

+... + x" +. .

lim | 21| = Tim a(a-1)(a-2)....(a—n+1).(n-1)!
el a n—»o0 n'a(a—l)(a_z)(a_n) .
TN St [l

n—»0 n

Vay bén kinh hoi tu cta chudi R=1 = chudi chi hdi tu khi
‘x‘ <1

Tai x =1 chudiphanky; Tai x = —1 chudi hoi ty

Nhu vay trong nira khoang [—1,1)chudi hoi tu va hoi tu téi

ham f(x) =(1+x)a.
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Hay n6i cach khac ham s f(x)=(1+x)" chi khai trién
duoc thanh chudi khi Vx e[-1,1) va

« wala-1)la=-2)...(a-n+l) ,
f(x):(1+x) =Z(; ( )( n)! ( )x.
Vi DU 4 Khai trién ham sau thanh chudi lu§ thira cua x:

f(x)=In(x+1)
BAI GIAI
Tuong tu ta c6 két qua khai trién

ln(x+1):x— lx2 + le -+ (—l)nllx” +. .
2 3 T’n—/
sh téng qudt
Vxe(-1,1)

VI DU 5 Khai trién ham sau thanh chudi lu§ thira cua x:
f(x)=arctgx

BAI GIAI

Tuong tu ta c6 két qua khai trién

x X PR |
X)=arctex=x—-—+"——. . . +(-1 Xl
Jo=aretg 3 5 o

Vx e [—1, 1]
VI DU 6 Khai trién ham sau thanh chudi luy thira coa x:
f(x)=arccotgx
BAI GIAI
Tuong tu ta ¢ két qua khai trién

2 4
arccotgx:l—%+%—. ..+(—1)"ix2”+...; Vxe[—l,l]
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3. Ung dung cdc khai trién ciia ham trén theo chudi dé tinh
xdp xi tich phan.

1

5 2
Vi DU Tinh Izje‘x dx =7

0

BAIGIAI ,
Ta c6 khai trién ham s6
x 1 1
f(x):e T2l =+ —xt - =%+
1! 2! 3!
no 1
+(—1) —x™" + VxelR
n!
Vi vay ta ldy tich phan theo can trén nhu sau:
r e 1 1 1
x:je Ydx=x — —x + —x — —x +
0 1.3 21.5 3.7
Vay
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5.4 CHUOI FOURIER

L. Khai niém vé chudi lugng giac — chudi Fourier
1. Chuéi luwgng gidc 3
#Chuoi lwong giac 1a chuoi ham c¢6 dang

G i(an cosnx + b, sinnx) (1)
n=1

trong do a,, a,, bn(Vn = 1,2,3,...) 1a nhitng hing sb. S6

hang TQ ciia chudi la: u, (x)=a,cosnx +b,sinnx 1aham

C 2
sO tuan hoan véi chu ky T =— lién tuc va c6 dao ham moi

n
cap. Vi vy chudi (1) hoi tu va téng ctia nd 13 mot ham tuan
hoan voi chu ky T=2r va co:
un(x)‘ﬁ a, +‘bn ; VneN,VxeR.

& Nguoi ta chung minh duoc rang néu cic diy s
{a,}: {b,} giam va din t6i 0 khi n—> o0 thi chudi (1) hoi

tutai x#2kr vacac chudi s6 Y a,; D b, hoity thi
n=l1 n=1
theo dinh Iy Weierstrass thi chudi (1) hoi tu tuyét ddi va déu
trén R.
2. Chuoi Fourier

«Ham f (x) dugc khai trién thanhchudi (1) trén doan

[—7[,7[] va cac hé sé duge tinh theo CT:
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a, = %‘Tf(x)dx; a = %Tf(x)cosnxdx;
17 . B
b = ;_J;f(x)smnxdx Vn=123,...

Thi duoc goi la chuoi Fourier, va cic hé s0 a,; a,; b,
duoc goi la cac hé s6 Fourier.
Mot sO hé thace Fourier:

V4

1. Jsinkxdx:O 2. jcoskxdxzo néuk #0

7T

3. j coskx.sin pxdx=0

7T

4, Icoskx.cospxdxz

7T

0 néu k+p
7 néu k=p=0

0 néu k#p

5. j sin kx.sin pxdx= |
i T néu k=p#0

II. Piéu kién dé ham s6 khai trién dwgc thanh chudi
Fourier

1. Dinh Iy Dirichlet:  Ham f(x) tudn hoan véi chu ky
27, don diéu timg khuc va bi chan trén [—7z,7] thi chudi

Fourier ciia ham f(x) hoi tu trén [—7[,7[] va:
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% + i(an cosnx + b, sin nx) néu f(x) lién tuc tai Vx #c
n=1

f(c+0)+f(c-0)
2

2. Pinh nghia: Khi chudi Fourier cia ham f(x) hoi tu vé

chinh f(x) thi tanoi ham f(x) khai trién duoc thanh chudi

Fourier, va khi d6 ta viét:

()=

néu f(x) gidn dognlogiltai Vx =c

a - .

flx)=-+> (a cosnx+b sinnx),

(5)= %+ 33(a, covna- b, sinm)
trongdda a , b lacdc he s& Fourier

3. Cdc trwong hop khai trién thanh chuéi Fourier

a) Khai trién ham f (x) tuan hoan véi chu ky 277 trén [—72',7[]

thanh chudi Fourier

VIDU 1 : Cho ham f(x) =7 —x trén doan [— 7, 72'] va tuan

hoan v&i chu ki 27 . Hiy khai trién f(x) thanh chudi Fourier.

BAI GIAI

20

Do thi ctia ham da cho 13 nhitng doan thing song song. Taco f
thda man cac diéu kién cua dinh 1i Dirichlet nén khai trién duogc
thanh chuoi Fourier.
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Ta tinh cac hé so6 Fourier:

a, zéj.(ir—x)dxzwr

1 T V3 1 V3
a,=— I(/t—x)cosnxdx: J.cosnxdx——'[xcosnxdxzo
- -7 7[—71'

1 T T 1 T
b =— —Xx)sinnxdx = | si dx —— innxdx = (-1
"= I(n x)sin nxdx jsmnx X nJ.xsmnx x=(-1)

—-T —T -T

"2
n
Véi (n=1,2,3,...).Vay khai trién Fourier cia ham sé di cho 1a

= (-1)"
f(x)z7z+2z(—)s1nnx x#n+k2r, ke Z.
n=1 n
VI DU 2 Khai trién ham f(x)=x tuan hoan véi chu ky

27 trén [—71',71'] thanh chudi Fourier

BAI GIAI

Ta co
17 17

a, = I f(x)cosnxdx =— I x cosnxdx =0
7[*” 72.*72'

4

a, = %:[[f(x)dx :%_J;xdx :%(7[2 —7[2) =0

17 . _l” . _g” .
b = ;_J;f(x)smnxdx = ﬂ:[rx.smnxdx = ﬂ_([x.smnxdx

=

a

21 x
=—_| -—cosnx
7| n

+ T COZ’”‘ dx |=(-1)’ % Vn=1,273,...

0 0
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Vay tai cac diém x # 7 thi

sinx sin2x sin3x n Sinnx
+ — ... +(-1) +...

f(x)=2 PR 3 "

Chu ¥ rang tai x =7 tong cua chudi la:

f(izz):%[f(iﬁ+0)+f(i7r—0)]=0.

VI DU 3 Tim khai trién Fourier cia sing trén doan [—7[, 7[] .

BAI GIAI
, 17 . x e
Ta co: aozzj.sm—dx:O (f(x) 1a ham 1¢)
-
17 . X a1
——I 1n * cosnxdx =0 (51n§cosnx la ham 1¢)
T
-7

b, _1 I sinfsinnxa’x:gj.l cos(zn_ljx—cos(zwrl]x dx
2 Ty 2 2 2

T
1 o2 (2n+1j "
- S1n X

1 2 . (2;1—1
= — Sin X
o 72n+l 2 0

7w 2n-1 2

22{(1)%1_(1)" _(_1)" ( 4n

2n—1 2n+1
Thay vao (1)

sinizgg‘i(—l)"+l 4ng_lsinnx (-r<x<n)
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b) Khai trién hémf(x) tuan hoan v6i chu ky 27 trén [0,272’]
thanh chudi Fourier
Vi DU 4 Khai trién ham f(x)=x tudn hoan véi chu ky
27 trén [0,272'] thanh chudi Fourier
BAI GIAI

Trudce hét ta nhan thiy rang ham f (x) tuan hoan vé6i chu

ky 27 thi:

a+2rw

j f(x)dx = j f(x)dx; vdi a la hing s6 bat ky.
Va cac hé s6 Fourier:

T 2z
a, = %J‘f(x)dx:ij‘xdx:bz
- 0

2z

T 2
a, = ljf(x)cosnxdx:ljxcosnxdxzi.cosmr =0
T 7Ty . no |
1 4 1 2z
b = —If(x)sinnxdx :—Jx.sinnxdx
T Ty,
2z
:l{—fcosnx }:—%, vn=12,3,...
7| n 0 n

Viy tai cac diém x #2k7
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1 2 3 7 n

f(x)— _z[smx s1n2x+s1n3x +s1nnx+”}

Chua y rang tai x =2k tong cia chudi 1a:

f(2k7z):%[f(Zkﬂ+O)+f(2k7r—0)]=7r; VkeZ.

, o 0 néu —7<x<0
VIDU 5 Khai trién ham f(x) = .
x néu 0<x<m

tuan hoan véi chu ky 27 trén [0,272' ] thanh chudi Fourier
BAI GIAI
Trudc hét ta nhan thay rang ham f (x) tuan hoan véi chu ky

27 va céac hé so Fourier:

ao=—jf dx——{Tde+Txdx}:%%:£

L 1|7 1 cosnx|’
a,=— I f( COSnde——Dxcosnxdx =—.

T 7|4 no |,

1 n
ol

b =— j f(x)sinnxdx =%];x.sinnxdx

T

1
=— ——cosnx

T

1 T
+—Icosnxdx
0 n 0
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T

1
=———XCOSnx

O
— (-1)

0 n

Vay tai cac diém x # (2/( + 1)72', kel

4 7

7 2| cosx sin3x cosSx cos(2n+1)x
f(x)=S-2| -+ +—— . A ———+ |+
1 3 5 (2n+1)

1 2 3
Cha y ring tai x=(2k+l)7z tong cia chudi la:

sinx sin2x sin3x
+ + +...

1
f(#27)=2 [ (427 +0)+ f (+27-0)] :%; VkeZ.
¢) Khai trién ham f(x) tudn hoan vé&i chu ky 21 thanh chudi
Fourier

Chung ta s& tim cach dwa ham sé f (x) vé dang ham tuan
hoan véi chu ky 277 bang cach dbi bién s6: x'= 7 % khidé
ham () = f(%x‘j — F(x)

Lic d6 ham F(x') 1a ham tuin hoan voi chuky 27 va thoa

cac diéu kién cia mot ham khai trién duoc thanh chudi Fourier,
va khi d6 cac hé so Fourier dugc tinh theo CT:
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1 1
;J'f(x)dx; a,= ;If(x)cos@dx;

-1

aoz

jf sm—dx Vn=1,2,3,.

Vi DU 6 Khai trién ham  f (x) =x’ tudn hoan vdi chu ky
[=2 trén [—1,1] thanh chudi Fourier

BAI GIAI

Trudc hét ta nhan thiy rang ham f (x) = x” tudn hoan vé6i chu
ky [=2

Va cac hé sO Fourier:

a, = If dx ZJ 2dx—%

a, = %jf(x)cosmzxdx = 2{j‘x2 cosnﬂxdx}
e 0

(2]

1 1

b, = %J‘f(x)sinnﬁxdx = sz.sinnﬁxdx =0

-1 -1

Vay tai Vx e R

2 4 CcoS27x cos37rx cosnrzw
X)=———|coszx— + " + ...
f( ) 3 7Z'2|: 2? 3? D }
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d) Khai trién ham bt ky thanh chudi Fourier

Gidsir f(x) laham batky xac dinh trén [a,b] va thoa man
gia thiét ctua dinh ly Dirichle, khi d6 mudn khai trién ham
f(x) thanh chudi thi ta phai xdy dyng ham g(x) tuan hoan
v6i chu ky Tz‘b—a‘ sao cho g(x)zf(x) Vxe[a b].

Va néu g(x) khai trién duoc thanh chudi g Zu
thi khi d6 ham f (x) cling khai trién dugc thanh chudi :
=2un(x); VXE[a,b] va trir tai nhitng diém ma

f (x) gian doan.
VI DU 7 Viét khai trién Fourier ctia hm sb

X, 0<x<1

f(x)=+1, I<x<2

3—x, 2<x<3
BAIGIAI
Goi g 1a ham tuan hoan véi chu ki T=3 sao cho g(x)=f(x) v&i
x €[0,3]. Ta c6 hé s Fourier cua g 1a

=3 [ 200 =3 j g(x)dx

N‘w'-—.w\w

2 2 1 2 3
zgjf(x)dx:g [xdx+[dx+[(3-x)dx | =
0 1 2

0

(USHIN
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dx

3
a, =§ g(x) coszn%dx = %Ig(x) cos 207X
0

M‘w'-—.w\w

:—jf()()cosZmTX dx = 232(cosznn—lj;n:1,2,3...
3 nm 3

b, =0 (viglaham chan).

o 1— cos—znﬂ
2 3 3 2nnx
Do do g(x)=——— cos xeR).
g(x) 3L pe 3 ( )
2nrw
3 o 1= cos—3 20
Vay f(x)———— 5 cos 3 (xe[0,3]).
n=l1 n

VIiDU 8 Khai trién f( ) =1trén [—72',0] thanh chudi sin .
BAI GIAI

M6 rong f(x) thanh ham F(x) la ham 1¢ trén doan [-7,7]
sao cho F(x) = f(x) trén doan [—72',0] . Khi @0, F(x) 6 thé
khai trién thanh chudi sin.

2% 2%
= — d = F | d = i d
J. )sin nxdx = ﬂ!; (x)sinnxdx J.smnx X

T
0 néu n chin
2 0
=——cosnx| = 4 ) ,
nr - —— néun lé
nr
Do @6, 4 n=12,3,
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4 & sin(2n—1)x

- ():__Z 2n—-1

4 2 sin(2n—1)x
Va —l=-=y = -7 <x<0).
&y /(%) 7= 2n-1 (-r<x<0)
VIiDU 9 Khai trién ham f(x) = |cos x| thanh chudi Fourier.

BAI GIAI

(-r<x<nr)
n=l1

y

/U /U J7U
o =
2 2 2 2
Ham so6 da cho lién tuc trén R, tuan hoan véi chu ki 7 don diéu
tung khuc va bi chan nén chuoi Fourier ctia né hdi tu.
Ta tinh céc hé s6 Fourier:
47

4
=— j|cosx|dx—— .[cosxdx—;

7
) %
a, =— I |cosx|.cos2nxdx
"
% n+l
ZiJ.COSX.COSZIleX—i ( l) (n=1,2,3,...)
T m 4n’ -1

—-7T T
by =0 (n=123.-) 4; £1a ham sb chin trén {75}

Vay khai trién Fourier cua ham so da cho la

==+ Z

cos 2nx ,VxeR.
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Vi DU 10 Khai trién f (x) = x trén doan [—3,0] thanh chudi
sin .
BAI GIAI

Ta mo rong f (x) thanh ham F (x) la ham ¢ trén doan
[—3,3] sao cho F(x) = f(x) trén doan [—3,0]. Khi do,
F(x) c6 thé khai trién thanh chudi sin .

3
= _J' ( )sm—xdx = %LF(x)sin%xdx

. N1’
=— I X sin— xdx
-3

Dat . Nw = 3 nr
dv =sin—x V=——CO0S— X
3 nr
_ o o
21 3x nrw 3 nrw
= b,=—|——cos—x| + J.—cos—xdx
3| nm 3 |5 Snx 3
20 .
=—| ———cosnz +——sinnz
3| nrx n°rw
——  néu n chin
_ ) nx _ (_1)n+1 i
6 » ) nr
— néu n le
nr
6 & 1 . n@
Vay x:—Z(—l)"H—sm—x (-3<x<0).
/i n 3
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BAI TAP CHUONG V

5.1 Tinh tong cta cac chudi sb sau: (néu co)

i 1

= (2n -3)(2n+1)

b X (n+1)

n=4 N

Huéng din
Chudi s6 chi cé tong khi n6 hoi tu. Phwong phap tinh tong ciia
chudi thudong dung nhat 13 dung dinh nghia, tinh tng riéng thi
nlaS saudsé tong S=1imS, .

n—»0

5.2 Xét su hoi tu cia cac chudi sb sau:
1 - 1
b
02 Jn : Zl 2n—1
o) in.sinﬂ d) ii 141 n
- 2 ~2" n
sin’ \/; f i 2n
n=1 n\/; n=1 3”

0 !2
B e
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Huéng din
1) Trudc hét kiém tra di€u kién can:
Néu limu, # 0 thi két luan ngay chudi phan ky

n—>»0

Néu limu, =0 thi chua c6 két luan gi va phai xét tiép .

n—>o0

2) Trudc hét phai xét xem chudi da cho 1a chudi DUONG,
hay DAN DAU, hay DAU BAT KY.
3) * Néu la chudi Duong (c6 7 PP): theo PN, theo tiéu chuin
Cauchy, dac biét 1a theo 5 dau hiéu so sdnh 1, so sdnh 2,
D’lambert, Cauchy, Tich phdin.

*  Néu chudi Pan diu thi c6 3PP: theo PN, theo tiéu
chudn Cauchy, dac bi¢t theo diu hiéu Leibnitz.

* Néu chudi dan déu hodc chudi c6 ddu bit ky dua vé
chudi s6 duwong bang cach xét chudi tri tuyét doi.

5.3 St dung Dau hiéu Leibnitz dé xét sy hdi tu cua cac
chuoi sau

) R S |

n+1)lnn p—r

5.4 Tim ban kinh hoi tu, va sau d6 tim mién hoi tu cta céac
chuoi luy thtra sau:

a) i(—l)n_lﬁz_l) b) Z

n=l1

n

(x+5)
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i) ni:dn);?)n J) g(n+x;)4n
D
B,
WEERE B

5.5 Khai trién cic ham sb sau thanh chudi luy thira:

a) f(x):sinzx
b) f(x):ex COS X
c) f(x)zln(x2—5x+6)
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5.6 Biét ham sb sau tuan hoan v6i chu ki 27, hiy khai trién
thanh chuoi Fourier

Tz , —7<x<0

a)f(x)={7[ X, 0<x<rx
b) f(x)=x> ,0<x<2rx

5.7 Khai trién ham s6 sau thanh chudi Fourier
2

a) f(x)=x —% trén [0,2]

, —1<x<0

1
b)f(x):{x , 0<x<l1
f(x+2)=f(x), xeR

va

5.8 a) Khai trién f(x)=x(7—x), 0<x<z thanh chudi
Fourier theo sin.

x ,0<x<1

b) Khai trién £(x) = { thanh chudi

2—x,1<x<2
Fourier theo cos.

5.9 Tim khai trién thanh chuoi Fourier cua ham so

f(x) = cos% trén khoang (—72,7[)

. P 2 4 o0 (_1)n+1
b : ~—t— E
ap so f(x) + 2 (2n—1)(2n+1) cos nx
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5.10 Tim khai trien thanh chudi Fourier cua ham so

f(x):{ 0, ~l=x<d trén khoang (—1,1)

I-x ,0<x<1

Dap so:

f(x)~ l+Lii[(l—(—l)n)cosmszr nﬂsinnﬂx}
4 =’

5.11 Cho ham s f(x)z
T—X ,Z<x£7z
2

Hay tim chudi cosin ctia ham s ndy trén mién xac dinh
cua no.
bép s6: f(x)~ £—EZ:;ZCOSZ(ZM —1)x

4 T p=1 (271 - 1)

5.12 Chohamséd f(x)=7z—-x

a) Tim khai trién Fourier ciia f (x) trén khoang
(-7, 7).

b) Tim chudi cosin ctia f (x) trén doan [0,72].

¢) Tim chudi sin cua f (x) trén nira khoang (0,72]
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PE THI THAM KHAO

PE THI KET THUC HQC PHAN
Mon thi: Toan Cao Cap A1 (khéi ky thuit)
Thoi gian: 90 phut
(Sinh vién khong sur dung tai li¢u)

Céu 1 (2,0 diém) Pinh m dé ham s
e” —2x+5
Jx)= x-3
m , khix=3
. liéntuc tai dim x =3
Cau 2 (2,0 diém) Tim khai trién Maclaurin ciia ham
f(x) = x(e2x —e”‘) dén sb hang x*
Cau3 (2,0diém) Xét sy hoi tu cua tich phén

+00

, khix #3

I = Je"‘ cosx dx
0
Cau4 (2,0 diém) Tim cuc tri cia ham sb sau
z=x"—xp+y +3x-2y+1
Ciu 5 (2,0 diém) Tim mién hoi tu cua chudi lu§ thira
2n
© (x + 5)

2o

n=l
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TAI LIEU THAM KHAO

1. Toan cao cip -chi bién PGS. TS Lé Vin Hot
Trudng dai hoc Kinh té TP HCM
2.Huéng dan giai bai tap Toan cao céap
chu bién PGS. TS Lé Vin Hét
Truong dai hoc Kinh té TP HCM
3. Toan cao cép cho nha kinh té -Lé Dinh Thiy
Trudng dai hoc Kinh té qudc dan Ha noi
4. Toan cao cap tap -chi bién Nguyén Dinh Tri

5. Bai tap Toan cao cap tdp -chi bién Nguyén Dinh Tri
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